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Abstract
We present a complete theory of higher-order autonomous contact mechanics, which al-
lows us to describe higher-order dynamical systems with dissipation. The essential tools for
the theory are the extended higher-order tangent bundles, TkQ×R, whose geometric struc-
tures are previously introduced in order to state the Lagrangian and Hamiltonian formalisms
for these kinds of systems, including their variational formulation. The variational princi-
ple, the contact forms, and the geometric dynamical equations are obtained by using those
structures and generalizing the standard formulation of contact Lagrangian and Hamiltonian
systems. As an alternative approach, we develop a unified description that encompasses the
Lagrangian and Hamiltonian equations as well as their relationship through the Legendre
map; all of them are obtained from the contact dynamical equations and the constraint al-
gorithm that is implemented because, in this formalism, the dynamical systems are always
singular. Some interesting examples are finally analyzed using these geometric formulations.
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1 Introduction
The Hamiltonian formulation for systems described by higher-order regular Lagrangians was first
developed by Ostrogradskii in 1850, providing the corresponding Euler-Lagrange and Hamilton
equations for the so-called higher-order mechanics. Furthermore, the geometrization of (first-
order) classical mechanics occurred a century later, introducing the nowadays called symplectic
mechanics, on the cotangent bundle T∗Q of the configuration manifold Q [1, 2, 49]. At about
the same time, the Lagrangian geometric description was produced, using the almost tangent
geometry of the tangent bundle TQ [19, 20, 61]. However, it took a long time for the symplectic
description of higher-order Lagrangians [14, 29, 30, 43, 44].
In his original paper [52], M.V. Ostrogradskii stated that a theory including higher-order
derivatives should be trivial and do not include new ideas for physics, or fatal, since it will
include additional ghost-like degrees of freedom. However, higher-order mechanics is not a simple
mathematical extension, and there are many cases with physical relevance that include second
(or higher) order derivatives. Indeed, after its geometric description, a lot of work has been
developed to understand well and apply these theories. A relevant point that helped a good
deal was the theoretical body on the geometry of higher-order tangent bundles. Indeed, if the
Lagrangian L depends on derivatives up to order k, then it is defined on the tangent bundle of
order k, TkQ, and the dynamics is developed on the tangent bundle of order 2k − 1, T2k−1Q,
giving the Euler-Lagrange equations of order 2k. In addition, the Hamiltonian description takes
place on the cotangent bundle T∗(Tk−1Q), and (for regular Lagrangians) both are connected by
the Legendre map Leg : T2k−1Q −→ T∗(Tk−1Q).
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In this paper we consider another kind of higher-order Lagrangian and Hamiltonian systems.
The main difference is that we are concerned not only with derivatives of higher order, but also
with an extra parameter, z, which has a different meaning as a kind of dissipation parameter.
So, the Lagrangian function is now defined on the extended higher-order tangent bundle TkQ×
R. First of all, we were obliged to extend the Herglotz variational principle for higher order
Lagrangians, aiming to know the correct equations of motion in this situation, which live on
T2k−1Q×R. Furthermore, the Lagrangian allows us to define a contact structure on T2k−1Q×R
which gives the corresponding dynamics. Let us remark two important and non-trivial issues:
(1) in order to define the contact form we are obliged to introduce a differential operator which is
analogous to the total derivative defined by W.M. Tulczyjew for the usual case; and (2) we use the
contact Hamiltonian theory. So, we obtain an analog of the Euler-Lagrange vector fields, which
are semisprays of type 1, whose integral curves are just the solutions to the motion equations for
L. An important remark is that, in these semisprays, the Lagrangian appears explicitly as the
component in z.
Contact geometry [3, 10, 15, 38] is a topic of great interest which is being used to describe me-
chanical dissipative systems [16, 33, 50, 58], both in the Hamiltonian and Lagrangian descriptions
[6, 8, 9, 18, 25, 26, 31, 36, 48]; as well as field theories with dissipation [34, 35], and other types of
physical systems [7, 27, 40, 47, 57]). Indeed, contact Hamiltonian mechanics is related with the
work of G. Herglotz almost 90 years ago [45, 46], who used a generalization of the well-known
Hamilton principle (that includes to solve an implicit differential equation before to define the
action) that, almost miraculously, provides the same equations that we can obtain using contact
geometry. For the present paper, we also have a similar situation, and the equations obtained
by the generalized Herglotz principle coincide with the ones given by the geometric approach,
showing that both approaches lead to the same result.
We also include an alternative but equivalent geometric formulation of higher-order con-
tact systems which is an extension of the so-called unified Lagrangian–Hamiltonian approach
to mechanics, and is especially useful to discuss dynamical systems described by degenerate
Lagrangians. It is based in the original work by R. Skinner and R. Rusk [63] for first-order
autonomous systems. Later on, this framework was generalized in order to describe many dif-
ferent kinds of systems; namely: time-dependent dynamical systems [5, 13, 41], vakonomic and
nonholonomic mechanics [22], higher-order autonomous and non-autonomous mechanical sys-
tems [43, 44, 54, 55], control systems [4, 21], and first and higher-order classical field theories
[12, 28, 32, 56, 59, 60, 66].
The method that we use for this unified approach is based and extends the results of [24] for
first-order contact dynamical systems. The advantage of this procedure is that, in order to con-
struct the formalism in the higher-order extended unified bundleW = T2k−1Q×QT
∗(T2k−1Q)×
R, it is not necessary to use any of the canonical structures of the higher-order tangent bundles,
but only the natural contact structure of the bundle T∗(Tk−1Q) × R and the natural coupling
between elements of the bundles T(Tk−1Q) × R and T∗(Tk−1Q) × R. Then, the contact dy-
namical equations in W gives both the Euler-Lagrange and the Hamilton equations and, being
the dynamical system singular, the Legendre map and even the extension of the Tulczyjew total
derivative are obtained as a result of the constraint algorithm.
The paper is structured as follows: Section 2 is devoted to review the geometric structures
of higher-order tangent bundles and the basic foundations on Hamiltonian contact mechanics.
The main results of the paper are presented in Sections 3, 4, and 5. In particular, in Sec-
tion 3 we present the variational formulation which leads to obtain the dynamical equations
for higher-order contact systems that we model geometrically in the following sections. Thus,
in Section 4 we define and study geometrically higher-order contact Lagrangian systems and
the corresponding Hamiltonian formalism; while Section 5 is devoted to introduce the unified
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Lagrangian-Hamiltonian description of higher-order contact systems and how the standard La-
grangian and Hamiltonian formalisms described in Section 4 are recovered. Finally, in Section
6, some interesting examples are analyzed: first, a model of the Pais-Uhlenbeck oscillator with
dissipation, a higher-order description for a radiating electron, and an academical example of a
singular dissipative system.
All the manifolds are real, second countable and C∞. The maps are assumed to be C∞. Sum
over repeated indices is understood.
2 Preliminary concepts
2.1 Geometric structures in higher-order tangent bundles
(See [14, 30, 43, 54, 62] for details).
Higher-order tangent bundles.
For k ∈ N, the k th-order tangent bundle of an n-dimensional manifold Q, denoted by TkQ,
is the (k+1)n-dimensional manifold made of the k-jets with source at 0 ∈ R and target Q; that
is, TkQ = Jk0 (R, Q). There are the canonical projections, for 1 ≤ r ≤ k,
ρkr : T
kQ −→ TrQ , ρk0 : T
kQ −→ Q
c¯
k(0) 7−→ c¯r(0) , c¯k(0) 7−→ c(0) ,
Points of TkQ are equivalence classes of curves c : I ⊂ R //Q by the following k-jet equivalence
relation: if (U,ϕ) is a local chart in Q, with ϕ = (ϕi), 1 ≤ i ≤ n, and c(0) ∈ U ; by writing
ci = ϕi ◦ c, the k-jet c¯k(0) ∈
(
ρk0
)−1
(U) = TkU is given by (qi, qi1, . . . , q
i
k), where q
i = ci(0) and
qiα =
dαci
dtα
(0), (1 ≤ α ≤ k). If (qi) are local coordinates in Q, then natural coordinates in TkQ
are denoted (qi0, q
i
1, . . . , q
i
k), and local coordinates in T(T
kQ) are (qi0, q
i
1, . . . , q
i
k; v
i
0, v
i
1, . . . , v
i
k);
where we have made the identification qi ≡ qi0. The local expressions of the above projections
and their corresponding tangent maps Tρkr : T(T
kQ) // T(TrQ) are
ρkr (q
i
0, q
i
1, . . . , q
i
k) = (q
i
0, q
i
1, . . . , q
i
r)
Tρkr
(
qi0, q
i
1, . . . , q
i
k, v
i
0, v
i
1, . . . , v
i
k
)
=
(
qi0, q
i
1, . . . , q
i
r, v
i
0, v
i
1, . . . , v
i
r
)
.
Given a curve c : R //Q, the canonical lifting of c to TkQ is the curve c¯k : R //TkQ defined
as c¯k(t) = ckt (0), where ct(s) = c(s + t), (the k-jet lifting of c). If k = 1, we write c¯
1 ≡ c′. In
coordinates, if c(t) = (ci(t)), then
c¯
k =
(
ci,
dci
dt
, . . . ,
dkci
dtk
)
. (1)
Let V (ρkr−1) be the vertical subbundle of T(T
kQ). In the above coordinates, for every p ∈
TkQ and u ∈ Vp(ρ
k
r−1), we have that u = (0, . . . , 0, v
i
r , . . . , v
i
k). We have the canonical embeddings
ik−r+1 : V (ρ
k
r−1) →֒ T(T
kQ) locally given by
ik−r+1(q
i
0, . . . , q
i
k, v
i
r, . . . , v
i
k) = (q
i
0, . . . , q
i
k, 0, . . . , 0, v
i
r , . . . , v
i
k) ,
and the bundle morphisms sk−r+1 : T(T
kQ) //TkQ×Tr−1QT(T
r−1Q), defined by sk−r+1(u) :=(
τTkQ(u),Tρ
k
r−1(u)
)
, for every u ∈ T(TkQ). Their local expression are
sk−r+1
(
qA0 , . . . , q
A
k , v
A
0 , . . . , v
A
k
)
=
(
qA0 , . . . , q
A
r−1, q
A
r , . . . , q
A
k , v
A
0 , . . . , v
A
r−1
)
.
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Then we can construct the fundamental exact sequence
0 −→ V (ρkr−1)
ik−r+1
−→ T(TkQ)
sk−r+1
−→ TkQ×Tr−1Q T(T
r−1Q) −→ 0 , r < k , (2)
which, in local coordinates, is given by
0 7−→(qi0, . . . , q
i
k, v
i
r, . . . , v
i
k) 7−→ (q
i
0, . . . , q
i
k, 0, . . . , 0, v
i
r, . . . , v
i
k)
(qi0, . . . , q
i
k, v
i
0, . . . , v
i
k) 7−→ (q
i
0, . . . , q
i
r−1; q
i
0, . . . , q
i
k; v
i
0, . . . , v
i
r−1) 7−→ 0 .
Furthermore, we have the connecting maps hk−r+1 : T
kQ×Tk−rQ T(T
k−rQ) −→ V (ρkr−1) locally
defined as
hk−r+1
(
qi0, . . . , q
i
k, v
i
0, . . . , v
i
k−r
)
=
(
qi0, . . . , q
i
k, 0, . . . , 0,
r!
0!
vi0,
(r + 1)!
1!
vi1, . . . ,
k!
(k − r)!
vik−r
)
,
which are globally well-defined and are vector bundle isomorphisms over TkQ. Finally, the
canonical injections are the maps jr : T
kQ −→ T(Tr−1Q) defined by jr(c¯
k(0)) := γ′(0), for
c¯
k(0) ∈ TkQ; where γ′ : I ⊂ R // T(Tr−1Q) is the canonical lift of the curve γ(t) = c¯r−1(t) to
T(Tr−1Q). It is locally given by
jr(q
i
0, . . . , q
i
k) = (q
i
0, . . . , q
i
r−1; q
i
1, q
i
2, . . . , q
i
r) .
Canonical vector fields, vertical endomorphisms and almost-tangent structures.
The following composition allows us to define the vector fields ∆r ∈ X(T
kQ), for 1 ≤ r ≤ k,
TkQ
Id×jk−r+1 //
∆r
22TkQ×Tk−rQ T(T
k−rQ)
hk−r+1 // V (ρkr−1)
ik−r+1 // T(TkQ)
such that ∆r
(
qi0, . . . , q
i
k
)
=
(
qi0, . . . , q
i
k, 0, . . . , 0, r! q
i
1, (r + 1)! q
i
2, . . . ,
k!
(k−r)!q
i
k−r+1
)
; that is
∆r =
k−r∑
α=0
(r + α)!
α!
qiα+1
∂
∂qir+α
= r! qi1
∂
∂qir
+ (r + 1)! qi2
∂
∂qir+1
+ . . .+
k!
(k − r)!
qik−r+1
∂
∂qik
. (3)
These are the r th-canonical vector fields in TkQ and, in particular,
∆1 =
k∑
α=1
αqiα
∂
∂qiα
= qi1
∂
∂qi1
+ 2qi2
∂
∂qi2
+ . . . + kqik
∂
∂qik
(4)
is the so-called Liouville vector field in TkQ and generalizes the Liouville vector field in TQ.
In the same way, bearing in mind (2), we can state the compositions
T(TkQ)
sr //
Jr
22T
kQ×Tk−rQ T(T
k−rQ)
hk−r+1 // V (ρkr−1)
ik−r+1 // T(TkQ) ;
the map Jr is called the r th-vertical endomorphism of T(T
kQ), and it is locally given by
Jr
(
qi0, . . . , q
i
k, v
i
0, . . . , v
i
k
)
=
(
qi0, . . . , q
i
k, 0, . . . , 0, r! v
i
0, (r + 1)! v
i
1, . . . ,
k!
(k − r)!
vik−r
)
;
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that is,
Jr =
k−r∑
α=0
(r + α)!
α!
dqiα ⊗
∂
∂qir+α
, (5)
(It has constant rank equal to (k − r + 1)n). In particular we have
J1 =
k−1∑
α=0
(α+ 1) dqiα ⊗
∂
∂qiα+1
, (6)
and any other vertical endomorphism Jr is obtained by composing J1 with itself r times. As
a consequence, J1 defines an almost-tangent structure of order k in T
kQ, which is called the
canonical almost-tangent structure of TkQ. We denote by J∗r the dual maps of Jr (which are
endomorphisms in T∗(TkQ)) and their natural extensions to the exterior algebra
∧
(T∗(TkQ)).
Their action on differential forms is
J∗r ω(X1, . . . ,Xp) := ω(Jr(X1), . . . , Jr(Xp)) ; for ω ∈ Ω
p(TkQ), X1, . . . ,Xp ∈ X(T
kQ) ,
and for f ∈ C∞(TkQ) is J∗r (f) = f . The endomorphism J
∗
r : Ω(T
kQ) //Ω(TkQ), 1 ≤ r ≤ k, is
called the r th-vertical operator, and it is locally given by
J∗r (f) = f , for f ∈ C
∞(TkQ) ; J∗r (dq
i
α) =
0, if α < rα!
(α− r)!
dqiα−r, if α ≥ r
.
Finally, the inner contraction of Jr with ω ∈ Ω
p(TkQ) is the form i(Jr)ω ∈ Ω
p(TkQ) defined by
i(Jr)ω(X1, . . . ,Xp) :=
p∑
i=1
ω(X1, . . . , Jr(Xi), . . . ,Xp) ; for X1, . . . ,Xp ∈ X(T
kQ) ,
and i(Jr)f = 0, for f ∈ C
∞(TkQ). This map ω 7→ i(Jr)ω is a derivation of degree 0 in the
R-algebra of differential forms Ω(TkQ), which is called the r th-vertical derivation, whose local
expression is
i(Jr)(dq
i
α) =
0, if α < rα!
(α− r)!
dqiα−r, if α ≥ r
.
Higher-order semisprays.
Definition 1 A semispray of type r, 1 ≤ r ≤ k, is a vector field X ∈ X(TkQ) such that,
for every integral curve σ of X, we have that, if γ = ρk0 ◦ σ, then γ¯
k−r+1 = ρkk−r+1 ◦ σ (where
γ¯
k−r+1 is the canonical lifting of γ to Tk−r+1Q).
TkQ
ρk
k−r+1

ρk0

R
σ ..
ρk0◦σ
++
ρk
k−r+1
◦σ
//
γ¯
k−r+1 ((PP
PP
PP
PP
PP
PP
PP
Tk−r+1Q
Id

Tk−r+1Q
βk−r+1

Q
In particular, X ∈ X(TkQ) is a semispray of type 1 or a holonomic vector field in TkQ if,
for every integral curve σ of X, we have that, if γ = ρk0 ◦ σ, then γ¯
k = σ.
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So, semisprays of type 1 in TkQ are the vector fields whose integral curves are the canonical
lifts to TkQ of curves on Q (observe that, if k = 1, r = 1, then ρ11−1+1 = IdTQ, and we recover
the definition of the holonomic or sode vector fields in TQ). Thus semisprays of type r < k
have integral curves which are only “partially holonomic”.
Obviously, every semispray of type r is of type s ≥ r. We have the following equivalences for
a vector field X ∈ X(TkQ):
1. X is a semispray of type r.
2. Tρkk−r ◦X = jk−r+1
3. Jr(X) = ∆r.
The local expression of a semispray of type r is
X = qi1
∂
∂qi0
+ qi2
∂
∂qi1
+ . . .+ qik−r+1
∂
∂qik−r
+Xik−r+1
∂
∂qik−r+1
+ . . .+Xik
∂
∂qik
, (7)
and, if γ¯ is an integral curve of X, then its components verify the following system of differential
equations of order k + 1:
dk−r+2σi
dtk−r+2
= Xik−r+1
(
σj,
dσj
dt
, . . . ,
dkσj
dtk
)
, . . . ,
dk+1σi
dtk+1
= Xik
(
σj ,
dσj
dt
, . . . ,
dkσj
dtk
)
. (8)
For semisprays of type 1 we have
X = qi1
∂
∂qi0
+ qi2
∂
∂qi1
+ . . .+ qik
∂
∂qik−1
+Xik
∂
∂qik
, (9)
and its integral curves are solutions to an ordinary differential equation of order k + 1.
Tulczyjew’s total derivative.
The so-called Tulczyjew’s total derivative can be formally defined as a derivation along curves
and its canonical lifts in a higher-order tangent bundle [30, 64]. Nevertheless, the simplest way
to define and understand it is giving the following equivalent definition:
Definition 2 The Tulczyjew’s total derivative is the map dT : C
∞(TrQ) // C∞(Tr+1Q)
which, for every f ∈ C∞(TrQ), is defined by
dT f := L(X)(ρ
r+1
r )
∗f ,
for any semispray of type 1, X ∈ X(Tr+1Q).
Bearing in mind (9), we obtain the coordinate expression
dT f =
r∑
α=0
qiα+1
∂f
∂qiα
.
Observe that this definition is independent on the choice of the semispray of type 1, X ∈
X(Tr+1Q), since f = f(q0, . . . , qr).
As it is defined as a Lie derivative, this map dT extends in a natural way to a derivation of
degree 0 on the differential forms and, as dTd = ddT , it is determined by its action on functions
and by the property dT (dq
i
α) = dq
i
α+1.
Higher-order Lagrangian systems
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Let L ∈ C∞(TkQ) (a Lagrangian function of order k). Consider the Tulczyjew’s total deriva-
tive dT : Ω
1(TrQ) //Ω1(Tr+1Q), and denote dαT =
α︷ ︸︸ ︷
dT ◦ . . . ◦ dT . Then, the Lagrangian 1-form
associated with L is the semibasic form of type k in T2k−1Q defined as
θL :=
k∑
β=1
(−1)β−1
1
β!
d
β−1
T i(Jβ)dL ∈ Ω
1(T2k−1Q) ,
and the corresponding Lagrangian 2-form is ωL := −dθL ∈ Ω
2(T2k−1Q). Moreover, the La-
grangian energy associated with L is the function defined as
EL :=
( k∑
β=1
(−1)β−1
1
β!
d
β−1
T (∆β(L))
)
− (ρ2k−1k )
∗L ∈ C∞(T2k−1Q) .
(It is usual to write L instead of (ρ2k−1k )
∗L, and we will do this in the sequel).
The coordinate expressions of these elements are
θL =
k∑
β=1
k−β∑
α=0
(−1)αdαT
( ∂L
∂qiβ+α
)
dqiβ−1 ,
EL =
k∑
β=1
k−β∑
α=0
qiβ(−1)
αdαT
(
∂L
∂qiβ+α
)
− L .
A Lagrangian function L ∈ C∞(TkQ) is said to be regular if ωL is a symplectic form. Otherwise
L is a singular Lagrangian. To say that L is a regular Lagrangian is locally equivalent to saying
that the Hessian matrix
(
∂2L
∂q
β
k∂q
α
k
)
is regular at every point of TkQ.
The couple (T2k−1Q,L) is said to be a Lagrangian system of order k, and the dynamical
trajectories of the system are the integral curves of any vector field XL ∈ X(T
2k−1Q) such that
it s a solution to the equation
i(XL)ωL = dEL . (10)
A vector field XL solution to this equation (if it exists) is called a (higher-order) Lagrangian
vector field and if, in addition, it is a semispray of type 1, then it is called a (higher-order) Euler-
Lagrange vector field, and its integral curves on the base Q are solutions to the higher-order
Euler-Lagrange equations.
Remark 1 The Euler-Lagrange equations can also be obtained introducing the Lagrange dif-
ferential [64] δ : Ω(TkQ) //Ω(Tk+1Q), which is defined as
δ =
(
∞∑
α=0
(−1)α
α!
dαT i(Jα)
)
◦ d , (11)
where we consider that i(Jα)(g) = 0 if g ∈ Ω(T
kQ), with α > k, and we denote J0 = Id.
Hence, the infinite series defining δg has only finitely many non-zero terms. Notice that, given a
Lagrangian L : TkQ // R, we have
δL =
k∑
α=0
(−1)αdαT
(
∂L
∂qiα
)
dqiα ,
and then δL = 0 provides the Euler-Lagrange equations.
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2.2 Notions on contact geometry and contact Hamiltonian systems
(See, for instance, [8, 18, 25, 36, 39, 48] for details).
Definition 3 A contact manifold is a couple (M,η), where M is a (2n + 1)-dimensional
manifold and η ∈ Ω1(M) is a differential 1-form such that η ∧ (dη)∧n is a volume form in M ,
which is called a contact form in M .
As a consequence of this definition, for every contact manifold we have the decomposition
TM = ker dη ⊕ ker η ≡ DR ⊕ DC. Then, if (M,η) is a contact manifold, there exists a unique
vector field R ∈ X(M) such that
i(R)dη = 0 , i(R)η = 1. (12)
It is called the Reeb vector field and generates DR which is known as the Reeb distribution.
The manifold T∗Q× R is the canonical model for contact manifolds since, if θ0 ∈ Ω
1(T∗Q)
and ω0 = −dθ0 ∈ Ω
2(T∗Q) are the canonical forms in T∗Q, z is the Cartesian coordinate of R,
and π1 : T
∗Q × R // T∗Q is the canonical projection, then η = dz − π∗1θ0 is a contact form in
T∗Q×R, and the Reeb vector field is R =
∂
∂z
. Furthermore, if (M,η) is a contact manifold, for
every point p ∈M , there exist a chart (U ; qi, pi, z), 1 ≤ i ≤ n, such that
η|U = dz − pi dq
i ; R|U =
∂
∂z
.
These are the Darboux or canonical coordinates of the contact manifold (M,η).
If (M,η) is a contact manifold and H ∈ C∞(M), then there exists a unique vector field
XH ∈ X(M) such that
i(XH)dη = dH − (R(H))η , i(XH)η = −H ; (13)
and the integral curves c : I ⊂ R //M of XH are the solutions to the equations
i(c′)dη = (dH − (R(H))η) ◦ c , i(c′)η = −H ◦ c , (14)
where c′ : I ⊂ R // TM is the canonical lift of c to TM .
Definition 4 The vector field XH is said to be the contact Hamiltonian vector field as-
sociated to H and the equations (13) and (14) are the contact Hamiltonian equations for
XH and its integral curves, respectively. Then, the triple (M,η,H) is a contact Hamiltonian
system.
Remark 2 The contact Hamiltonian equations (13) can be equivalently written as
L(XH)η = −(R(H)) η , i(XH)η = −H .
In addition, given a contact manifold (M,η), there exists the C∞(M)-module isomorphism
♭ : X(M) −→ Ω1(M)
X 7−→ i(X)dη + (i(X)η)η
,
and (13) are also equivalent to
♭(XH) = dH − (R(H) +H)η .
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Finally, equations (13) can also be written without making use of the Reeb vector field R since,
if we take U = {p ∈ M ;H(p) 6= 0} and Ω = −H dη + dH ∧ η on U , the contact Hamiltonian
vector field XH ∈ X(U) is the solution to
i(XH)Ω = 0 , i(XH)η = −H ,
and its integral curves c : I ⊂ R //M are solutions to
i(c′)Ω = 0 , i(c′)η = −H ◦ c .
In Darboux coordinates (qi, pi, z),
XH =
∂H
∂pi
∂
∂qi
−
(
∂H
∂qi
+ pi
∂H
∂z
)
∂
∂pi
+
(
pi
∂H
∂pi
−H
)
∂
∂z
;
and its integral curves c(t) = (qi(t), pi(t), z(t)) are solutions to the equations (14) which read as
q˙i =
∂H
∂pi
, p˙i = −
(
∂H
∂qi
+ pi
∂H
∂z
)
, z˙ = pi
∂H
∂pi
−H .
Unlike in symplectic Hamiltonian systems, the energy and the geometric structure of contact
Hamiltonian systems is not conserved. Indeed,
L(XH)H = −R(H)H , L(XH)η = −R(H) η ,
or, what is equivalent,
(φXHt )
∗H = σHt H , (φ
XH
t )
∗η = σHt η , (15)
where φXH is the flow of XH , and σ
H
t ∈ C
∞(M) is the so-called dissipation rate of the system.
Remark 3 If some of the conditions stated in Definition 3 do not hold, then (M,η) is said to
be a precontact manifold [25]. In this case, Reeb vector fields are not uniquely defined and the
map ♭ is not an isomorphism.
3 Higher-order Herglotz variational principle
The higher-order contact dynamical equations, that allow us to describe geometrically higher-
order dynamical systems with dissipation, are derived from a variational principle which is stated
as an extension of the classical Herglotz variational principle for first-order dynamical systems
[45, 46]. In this Section we state this variational formulation, as a previous step and a justification
of the geometrical setting of the equations that are presented and applied in the following sections.
If q0, q1 ∈ T
kQ, with components (qi0,α), (q
i
1,α), we denote by Ω(q0, q1) the space of smooth
curves c : [0, 1] // Q such that their k-jet lifts fulfill c¯kα(0) = q0,α, c¯
k
α(1) = q1,α, for 0 ≤ α ≤ k.
The k th tangent space of Ω(q0, q1) at a curve c is given by sections of the k th tangent bundle
along c that vanishes at the endpoints; that is,
TcΩ(q0, q1) = {δc = (c; δc0, δc1, . . . , δck−1) : [0, 1] // T
kQ |
ρk0 ◦ δc = c, δcα(0) = 0, δcα(1) = 0 for 0 ≤ α < k} .
Now, a Lagrangian function of order k is just a function L : TkQ× R // R. We fix z0 ∈ R.
We define the operator
ZL,z0 : Ω(q0, q1) // C
∞([0, 1])
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which assigns to each curve c the function ZL,z0(c) that solves the following differential equation
dZL,z0(c)
dt
= L(c¯k,ZL,z0(c)),
ZL,z0(c)(0) = z0 .
(16)
Definition 5 The higher-order contact action functional associated with a Lagrangian
function L is the map which assigns to each curve c, the solution to the equation (16) evalu-
ated at the endpoint:
AL,z0 : Ω(q0, q1) // R,
c 7→ ZL,z0(c)(1) .
Remark 4 The contact action AL,z0 is a generalization of the higher-order Euler-Lagrange ac-
tion. Indeed, if L does not depend on z, we can solve the ODE (16), obtaining
AL,z0(c) =
∫ 1
0
L(c¯k(t))dt+ z0 , (17)
which coincides with the Euler-Lagrange action up to the constant z0.
We look for the critical points of the functional AL,z0 and try to obtain a set of differential
equations characterizing them. These equations will be called the (2k) th order Herghlotz
equations.. The proof is a generalization of the one presented in [25] for first-order Lagrangians.
Theorem 1 (Higher-order Herglotz variational principle) Let L : TkQ×R //R be a La-
grangian function and let c ∈ Ω(q0, q1) and z0 ∈ R. Then, c is a critical point of AL,z0 if, and
only if, (c¯,ZL,z0(c)) satisfies the following equations
k∑
α=0
(−1)αDαL,z0,c
(
∂L
∂qiα
(c¯k(t),ZL,z0(c)(t))
)
= 0 ; (18)
where, for f : R // R, the operator DL,z0,c is defined as
(DL,z0,cf)(t) :=
1
σL,z0
d(σL,z0f)
dt
(t) =
df
dt
(t)−
∂L
∂z
(c¯k(t),ZL,z0(c)(t))f(t) ; (19)
and σL,z0 : R // R is the solution to the Cauchy problem
dσL,z0
dt
= −
∂L
∂z
σL,z0 ,
σL,z0(0) = z0 .
Equations (18) are called the (2k) th order Herglotz equations.
(Proof ) Let c ∈ Ω(q0, q1). Then c is a critical curve of the mapAL,z0 , if and only if (TcAL,z0)(δc) =
0 for every δc ∈ TcΩ(q0, q1).
First we compute (TcZL,z0)(δc). Let cλ ∈ Ω(q0, q1), λ ∈ (−δ, δ) ⊂ R, be a smoothly
parametrized family of curves giving δc are their k-jets with respect to λ at λ = 0. That is:
δc = (c; δc0, . . . , δck−1) , δc0 =
d
dλ
|λ=0cλ, δc1 =
d
dλ
|λ=0c˙λ, . . . , δck−1 =
d
dλ
|λ=0
dk−1
dtk−1
cλ .
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We also denote
δck =
d
dλ
|λ=0
dk
dtk
cλ .
Observe that, by direct calculus we obtain
δcα =
dα
dtα
δc0 , (for 0 ≤ α ≤ k) . (20)
In order to simplify the notation, we write ψ = (TcZL,z0)(δc). Since ZL,z0(cλ)(0) = z0 for all λ,
then ψ(0) = 0. Also notice that ψ(1) = (TcZL,z0)(δc)(1) = (TcAL,z0)(δc). We have that:
ψ = (TcZL,z0)(δc) =
d
dλ
ZL,z0(cλ)|λ=0 .
Then, computing the derivative of ψ with respect to t, interchanging the derivatives, we have:
ψ˙(t) =
d
dt
d
dλ
ZL,z0(cλ)(t)|λ=0 =
d
dλ
|λ=0
(
d
dt
ZL,z0(cλ)(t)
)
=
d
dλ
|λ=0L(c¯
k
λ(t),ZL,z0(cλ)(t))
=
k∑
α=0
∂L
∂qiα
(c¯k(t),ZL,z0(c)(t))δc
i
α(t) +
∂L
∂z
(c¯k(t),ZL,z0(c)(t))ψ(t)
= A(t) +B(t)ψ(t) .
Hence ψ is the solution to the initial condition problem:
ψ˙(t) = A(t) +B(t)ψ(t), ψ(0) = 0 .
The solution is given by
ψ(t) = exp
(∫ t
0
B(s)ds
)∫ t
0
duA(u) exp
(
−
∫ t
0
B(s)ds
)
;
and writing:
σL,z0(t) = exp
(
−
∫ t
0
∂L
∂z
(c¯k(τ),ZL,z0(c)(τ))dτ
)
> 0 ,
we have:
ψ(t) =
1
σL,z0(t)
∫ t
0
σL,z0(τ)
(
k∑
α=0
∂L
∂qiα
(c¯k(τ),ZL,z0(c)(τ))δc
i
α(τ)
)
dτ .
Now integrating by parts, as usually in variational calculus, using equation (20) and taking into
account that variations vanish at the extreme points, we have that:
ψ(1) = (TcAL,z0)(δc) =
1
σL,z0(t)
∫ 1
0
k∑
α=0
δci0(τ)(−1)
α d
α
dτα
(
σ(τ)
∂L
∂qiα
(c¯k(τ),ZL,z0(c)(τ))
)
dτ .
We know that ψ must vanish if the curve c must be a critical point, then as the variations δc0
are arbitrary, by the fundamental theorem of calculus of variations, we obtain
1
σL,z0(t)
k∑
α=0
(−1)α
dα
dtα
(
σ(t)
∂L
∂qiα
(c¯k(t),ZL,z0(c)(t))
)
= 0 ,
where we have used that σL,z0 : [0, 1] // R, as it has been defined, satisfies the conditions
dσL,z0
dt
= −
∂L
∂z
σL,z0 , σL,z0(0) = z0 .
Then, introducing the operator DL,z0,c defined in (19), this equation reduces to (18).
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4 Higher-order contact systems
Using the geometric structures of higher-order tangent bundles and bearing in mind the setting of
contact mechanics we can establish the Lagrangian and Hamiltonian formalisms for higher-order
contact mechanics in a geometrical way.
4.1 Geometric structures in TkQ× R
Consider the extended higher-order tangent bundle TkQ × R, which has natural coordinates
(qi0, q
i
1, . . . , q
i
k, z), and the canonical projections (for r < k)
z : TkQ× R // R , τk : TkQ× R // TkQ ,
τkr : T
kQ× R // TrQ× R , τk0 : T
kQ× R //Q× R .
We denote by dz the volume form in R, and its pull-backs to all the manifolds.
We have that T(TkQ × R) = T(TkQ) ⊕TkQ×R TR; then any operation between tangent
vectors to TkQ can be extended to tangent vectors to TkQ× R. In particular, the r th- vertical
endomorphisms Jr of T(T
kQ) and the r th-canonical vector fields ∆r on T
kQ yield vertical
endomorphisms Jr : T(T
kQ × R) // T(TkQ × R) and canonical vector fields which are also
denoted ∆r ∈ X(TQ × R) (and, in particular, the Liouville vector field ∆1 and the almost-
tangent structure J1). Obviously, their expressions in natural coordinates are (3), (4), (5), and
(6), again.
If c : R→ Q×R is a curve, with c = (c1, c0); the prolongation of c to T
kQ×R is defined as
the curve c˜k = (c¯k1 , c0) : R −→ T
kQ× R, where c¯k1 is the prolongation of c1 to T
kQ. Then c˜ is
said to be a holonomic curve in TkQ×R. In coordinates, if c(t) = (qi(t), z(t)), bearing in mind
(1), then c˜k =
(
qi(t),
dqi
dt
(t), . . . ,
dkqi
dtk
(t), z(t)
)
.
Definition 6 A vector field Γ ∈ X(TkQ × R) is a semispray of order r in TkQ × R if its
integral curves σ = (c¯r, c0) : R // T
kQ × R are such that the curves c¯r : R // TkQ satisfy the
conditions stated in Definition 1. In particular Γ is a semispray of order 1 or a holonomic
vector field in TkQ× R if its integral curves are holonomic.
Obviously, Γ ∈ X(TkQ× R) is holonomic if, and only if, J1(Γ) = ∆1.
Taking into account (7), the local expression of a semispray of order r in TkQ× R is
Γ = qi1
∂
∂qi0
+ qi2
∂
∂qi1
+ . . .+ qik−r+1
∂
∂qik−r
+Xik−r+1
∂
∂qik−r+1
+ . . .+Xik
∂
∂qik
+ g
∂
∂z
,
and its integral curves are solutions to the system of differential equations (8) together with
dz
dt
= g, with Xiα, g ∈ C
∞(TkQ× R). In particular, for semisprays of type 1 we have
Γ = qi1
∂
∂qi0
+ qi2
∂
∂qi1
+ . . .+ qik
∂
∂qik
+Xik
∂
∂qik
+ g
∂
∂z
.
4.2 Higher-order contact Lagrangian systems
Let L : TkQ× R // R. We call it a Lagrangian function of order k.
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In order to define a suitable contact Lagrangian form associated with a higher-order La-
grangian function, first we need to define the analogous to the total derivative dT in the extended
higher-order tangent bundles TrQ×R. Unlike what happens in TrQ, where the total derivative
is canonically defined using only semisprays of type 1 (see Definition 2), this is not so in the
present situation and, as it is justified in the above Section 3, the corresponding operator is
associated with the Lagrangian function.
Thus, if L ∈ C∞(TkQ × R), for k ≤ r < 2k − 1, we consider the family of vector fields
X
L
1 (T
rQ× R) ⊂ X(TrQ×R) made of the vector fields Γ ∈ X(TrQ× R) such that:
(i) they are semisprays of type 1 in X(TrQ× R),
(ii) the condition i(Γ)dz = L holds.
Their coordinate expressions are
Γ = qi1
∂
∂qi0
+ qi2
∂
∂qi1
+ . . .+ qir
∂
∂qir−1
+Xir
∂
∂qir
+ L
∂
∂z
.
Definition 7 We introduce the operator dL : C
∞(TrQ×R) //C∞(Tr+1Q×R), k ≤ r < 2k−1,
which, for every F ∈ C∞(TrQ× R), is defined by
dLF := L(Γ)(τ
r+1
r )
∗F , for any Γ ∈ XL1 (T
r+1Q× R) .
Then, the Lagrangian total derivative is the map DL : C
∞(TrQ × R) // C∞(Tr+1Q × R)
which, for every F ∈ C∞(TrQ× R), is defined by
DLF := dLF −
∂L
∂z
(τ r+1r )
∗F .
(We have denoted by L the pull-back of L to any higher-order bundle by the corresponding
projection. We will continue to do so in the sequel).
Note that DL is well-defined since
∂
∂z
is a canonical vector field in TrQ × R, and that this
definition is independent on the choice of Γ ∈ XL1 (T
r+1Q× R). The coordinate expression is
DLF :=
r∑
α=0
qiα+1
∂F
∂qiα
+ L
∂F
∂z
−
∂L
∂z
F . (21)
Remark 5 This Lagrangian total derivative DL is closely related to the operator DL,z0,c intro-
duced in (19). In fact; in Theorem 1, DL,z0,c is a differential operator acting on functions of a
real variable, since all the functions are evaluated along curves and their canonical liftings. In
this way, if F ∈ C∞(TkQ×R), we can retrieve DLF ∈ C
∞(Tk+1Q×R), as it is given in (21) as
follows:
DL,z0,c(F (c¯
k,ZL,z0(c))) =
d
dt
F (c¯k,ZL,z0(c)) −
(
F
∂L
∂z
)
(c¯k,ZL,z0(c))
=
k∑
α=0
ciα+1
∂F
∂qiα
(c¯k,ZL,z0(c)) +
(
L
∂F
∂z
)
(c¯k,ZL,z0(c)) −
(
∂L
∂z
F
)
(c¯k,ZL,z0(c)) ;
that is,
(DLF )(c¯
k,ZL,z0(c)) = DL,z0,c(F (c¯
k,ZL,z0(c)) .
This fact justifies the definition given for DL.
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Remark 6 Observe that dL is a derivation but DL is not; indeed,
DL(fg) = DL(f)g + fDL(g) + fg
∂L
∂z
.
Remark 7 The maps dL andDL extend in a natural way to differential forms, dL,DL : Ω
p(TrQ×
R) //Ωp(Tr+1Q× R), for every p; and, for ξ ∈ Ωp(TrQ× R), we have that
DLξ := dLξ −
∂L
∂z
(τ r+1r )
∗ξ := L(Γ)(τ
r+1
r )
∗ξ −
∂L
∂z
(τ r+1r )
∗ξ , for any Γ ∈ XL1 (T
r+1Q× R) .
Using this Lagrangian total derivative we can define:
Definition 8 The Lagrangian energy associated with L is the function
EL =
k∑
β=1
(−1)β−1
1
β!
D
β−1
L (∆β(L)) − L ∈ C
∞(T2k−1Q× R) .
The Cartan Lagrangian forms associated with L are
θL =
k∑
β=1
(−1)β−1
1
β!
Dβ−1L i(Jβ)dL ∈ Ω
1(T2k−1Q× R) .
ωL = −dθL =
k∑
β=1
(−1)β
1
β!
dDβ−1L i(Jβ)dL ∈ Ω
2(T2k−1Q× R) .
The contact Lagrangian form associated with L is
ηL = dz − θL ∈ Ω
1(T2k−1Q× R) .
The couple (T2k−1Q×R, L), endowed with these structures, is a (pre)contact Lagrangian
system (of order k).
The coordinate expressions of these elements are
EL =
k∑
β=1
k−β∑
α=0
qiβ(−1)
αDαL
(
∂L
∂qiβ+α
)
− L , (22)
θL =
k∑
β=1
k−β∑
α=0
(−1)αDαL
(
∂L
∂qiβ+α
)
dqiβ−1 , (23)
ωL =
k∑
β=1
k−β∑
α=0
(−1)α+1dDαL
(
∂L
∂qiβ+α
)
∧ dqiβ−1 , (24)
ηL = dz −
k∑
β=1
k−β∑
α=0
(−1)αDαL
(
∂L
∂qiβ+α
)
dqiβ−1 . (25)
Consider the bundle T∗(Tk−1Q)×R and the natural projections
z : T∗(Tk−1Q)× R // R , π1 : T
∗(Tk−1Q)× R // T∗(Tk−1Q) ,
πTk−1Q : T
∗(Tk−1Q) // Tk−1Q .
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Definition 9 Let L ∈ C∞(TkQ × R) be a Lagrangian function. The extended Legendre-
Ostrogradskii map associated with L is the map L˜eg : T2k−1Q× R // T∗(Tk−1Q × R) which
is defined as follows [30, 55]: if τ : T(T2k−1Q × R) // T2k−1Q × R is the canonical projection,
for every u ∈ T(T2k−1Q× R) and p = τ(u),
(θL)p(u) := 〈Tρ
2k−1
k−1 (u), L˜eg(p)〉 .
Then, if µ : T∗(Tk−1Q × R) // T∗(Tk−1Q) × R is the canonical projection, the generalized
Legendre map associated with L is the map Leg : T2k−1Q× R // T∗(Tk−1Q)× R given by
Leg := µ ◦ L˜eg ;
that is, we have the diagram
T2k−1Q× R
L˜eg //
Leg
22
T∗(Tk−1Q× R)
µ // T∗(Tk−1Q)× R .
These maps are bundle morphisms (on the base Tk−1Q × R). Bearing in mind the local
expression (23) of the form θL, if (q
i
0, q
i
1, . . . , q
i
k−1, p
0
i , p
1
i , . . . , p
k−1
i ) denote the canonical coordi-
nates in T∗(Tk−1Q), after some calculations we obtain that the local expression of the extended
Legendre map is
Leg∗z = z , Leg∗qir−1 = q
i
r−1 , Leg
∗pr−1i =
k−r∑
α=0
(−1)αDαL
(
∂L
∂qir+α
)
≡ p̂ r−1i ; (1 ≤ r ≤ k) .
(26)
The functions p̂ r−1i are called generalized momenta or Jacobi-Ostrogradskii momenta; they
satisfy the relation
p̂ r−1i =
∂L
∂qir
−DL(p̂
r
i ) , (27)
and so, all the momentum coordinates can be obtained recursively from p̂ k−1i .
Using the local expression of the generalized Legendre map it is immediate to prove that:
Proposition 1 The following conditions for a Lagrangian function L ∈ C∞(TkQ×R) are equiv-
alent:
1. The generalized Legendre map Leg is a local diffeomorphism.
2. (T2k−1Q× R, ηL) is a (2kn + 1)-dimensional contact manifold.
3. The Hessian matrix Wij =
(
∂2L
∂qik∂q
j
k
)
is everywhere nonsingular.
Definition 10 A Lagrangian L is regular if the above equivalent conditions hold; otherwise L
is a singular Lagrangian. In particular, L is hyperregular if Leg is a global diffeomorphism.
A singular Lagrangian is said to be almost-regular if: (i) P0 = Leg(T
2k−1Q×R) is a closed
submanifold of T∗(Tk−1Q) × R, (ii) Leg is a submersion onto its image P0, and (iii) for every
p ∈ T2k−1Q× R, the fibres Leg−1(Leg(p)) are connected submanifolds of T2k−1Q× R.
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It is obvious that every regular contact Lagrangian system has associated the contact Hamil-
tonian system (T2k−1Q × R, ηL, EL) whose Reeb vector field RL ∈ X(T
2k−1Q× R) is uniquely
determined by the relations
i(RL)dηL = 0 , i(RL)ηL = 1 ,
and its local expression is
RL =
∂
∂z
+ f iα
∂
∂qiα
,
with f iα = 0, for 0 ≤ α ≤ k, and the others given by the recursion formula
f iα = (−1)
α−kW ij
(
∂p̂ i2k−α−1
∂z
+
α−k∑
r=1
f lα−r
∂p̂ i2k−α−1
∂qα−rl
)
, (k < α < 2k) ;
where (W ji) is the inverse of the Hessian matrix; that is, W jiWik = δ
j
k.
Furthermore, a simple calculation shows that
L(RL)EL = −
∂L
∂z
.
4.3 Higher-order contact Euler–Lagrange (Herglotz) equations
Next we set the dynamical equations of higher-order Lagrangian systems in a geometrical way.
Definition 11 Let (T2k−1Q× R, L) be a Lagrangian system of order k.
The 2k th contact Euler–Lagrange or 2k th order Herglotz equations for a holonomic
curve c˜ : I ⊂ R // T2k−1Q× R are
i(c˜′)dηL =
(
dEL − (RL(EL))ηL
)
◦ c˜ , i(c˜′)ηL = −EL ◦ c˜ , (28)
where c˜′ : I ⊂ R // T(T2k−1Q× R) denotes the canonical lifting of c˜ to T(T2k−1Q× R).
The contact Lagrangian equations for a vector field XL ∈ X(T
2k−1Q× R) are
i(XL)dηL = dEL − (RL(EL))ηL , i(XL)ηL = −EL . (29)
A vector field which is a solution to these equations is called a (higher-order) contact La-
grangian vector field (it is the contact Hamiltonian vector field for the function EL).
Remark 8 We can define the morphism
♭L : T(T
2k−1Q× R) // T∗(T2k−1Q× R)
v 7→ ιvdηL + ηL(v)ηL.
which extends in a natural way to vector fields, ♭L : X(T
2k−1Q × R) // Ω1(T2k−1Q × R), and
hence the equations (29) are equivalent to
♭L(ξL) = dEL − (RL(EL) + EL)ηL .
Furthermore, in U = {p ∈M ;H(p) 6= 0}, if ΩL = −EL dηL + dEL ∧ ηL, the equations (28) and
(29) are equivalent to
i(c˜′)ΩL = 0 , i(c˜
′)ηL = −EL ◦ c˜ ,
i(XL)ΩL = 0 , i(XL)ηL = −EL .
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In natural coordinates, for a holonomic curve c˜ =
(
qi(t),
dqi
dt
(t), . . . ,
dkqi
dtk
(t), z(t)
)
, the 2k th-
order contact Euler-Lagrange or Herglotz equations (28) are
k∑
α=0
(−1)αDαL
( ∂L
∂qiα
)
(c˜(t)) = 0 , (30)
dz
dt
= L , (31)
Observe that equation (18) is just (30) evaluated along (c¯k(t),ZL,z0(c)). On the other hand, for
the equations (29), as
dEL =
k∑
r=1
k−r∑
α=0
(−1)αDαL
(
∂L
∂qir+α
)
dqir +
k∑
r=1
k−r∑
i=0
(−1)i
k∑
β=0
qirD
i
L
(
∂2L
∂q
j
β∂q
i
r+i
dqjβ
)
−
k∑
r=0
∂L
∂qir
dqir +
(
k∑
r=1
k−r∑
α=0
(−1)αqirD
α
L
(
∂2L
∂z∂qir+α
)
−
∂L
∂z
)
dz ,
then, if XL =
2k−1∑
α=0
f iα
∂
∂qiα
+ g
∂
∂z
, the equations (29) lead to
0 =
(
f
j
0 − q
j
1
) ∂2L
∂q
j
k∂q
i
k
,
0 =
(
f
j
1 − q
j
2
) ∂2L
∂q
j
k∂q
i
k
−
(
f
j
0 − q
j
1
)
(· · · · · · ) ,
...
0 =
(
f
j
2k−2 − q
j
2k−1
) ∂2L
∂q
j
k∂q
i
k
−
2k−3∑
α=0
(
f jα − q
j
α+1
)
(· · · · · · ) ,
0 = (−1)k
(
f
j
2k−1 −DL(q
j
2k−1)
) ∂2L
∂q
j
k∂q
i
k
+
k∑
α=0
(−1)αDαL
( ∂L
∂qiα
)
−
2k−2∑
α=0
(
f jα − q
j
α+1
)
(· · · · · · ) ,
0 = g − L−
2k−2∑
α=0
(
f jα − q
j
α+1
)
(· · · · · · ) ,
where the terms inside the brackets (· · · · · · ) contain relations involving partial derivatives of the
Lagrangian and applications of DL on them, which are omitted for simplicity. Then we have:
Theorem 2 If L is a regular Lagrangian, then there exists a unique vector field XL ∈ X(T
2k−1Q×
R) solution to (29) and it is a semispray of order 1; that is, a holonomic vector field in T2k−1Q×
R, which is called the (higher-order) Euler–Lagrange vector field associated with L. Its in-
tegral curves are the solutions to equations (30) and (31).
(Proof ) If L is regular then the Hessian matrix
(
∂2L
∂qik∂q
j
k
)
is regular, then the first 2k− 1 of the
above equations give the conditions for XL to be a semispray of order 1 and the last two group
of equations allows us to determine univocally the last coefficients f j2k−1 and g of XL. Therefore
the integral curves of XL are holonomic and solutions to (30) and (31); that is, to (28).
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Remark 9 If L is singular, as (T2k−1Q×R, ηL, EL) is a precontact Lagrangian system, solutions
to the Lagrangian equations are not necessarily holonomic vector fields in T2k−1Q× R and the
condition J1(XL) = ∆1 must be added to the Lagrangian equations in order to obtain the 2k th-
order contact Euler-Lagrange or Herglotz equations (28) for the integral curves of XL. In general,
these equations are not compatible everywhere on T2k−1Q×R and a constraint algorithm must
be implemented in order to find a submanifold Sf →֒ T
2k−1Q × R (if it exists) where there
are holonomic vector fields XL ∈ X(T
2k−1Q × R), tangent to Sf , which are solutions to the
above equations on Sf . Furthermore, although Reeb vector fields are not uniquely determined
in precontact manifolds, the constraint algorithm and the final dynamics are independent of the
Reeb. (See [25] for a discussion on all these topics).
Remark 10 In analogy to the Lagrange differential (11), we can also define the Herglotz
differential δL : Ω
p(TrQ× R) //Ωp+1(T2rQ×R) as follows:
δL =
(
∞∑
α=0
(−1)α
α!
DαL i(Jα)
)
◦ d .
Again, we consider that i(Jα)(g) = 0, if g ∈ Ω
p(TrQ×R), with α > r, and in this case we identify
J0 with the natural projection T(T
kQ×R) onto T(TkQ). Given a Lagrangian L : TkQ×R //R,
we have
δLL =
k∑
α=0
(−1)αDαL
(
∂L
∂qiα
)
dqiα ,
and therefore δLL = 0 provides the Herglotz equations.
Remark 11 The function σL,z0 introduced in Theorem 1 is related with the dissipation rate of
the system (T kQ× R, ηL, EL) (as it is defined in (15)) in the following way:
σL,z0(t) = σ
EL
t (c¯(t),ZL,z0(c(t))) .
Therefore, as for first-order systems, the following relations hold:
L(XL)EL = −RL(EL)EL , L(XL)ηL = −RL(EL) ηL , (32)
or, what is equivalent,
(φXLt )
∗EL = σ
EL
t EL , (φ
XL
t )
∗ηL = σ
EL
t ηL .
Notice that (32) expresses the dissipation of the energy of the system.
Remark 12 To appreciate the structure of the higher-order contact Euler-Lagrange equations
(30) when expanded, the case k = 2 could be illustrative. In this situation the Lagrangian
depends on (qi0, q
i
1, q
i
2, z), which includes accelerations. The associated contact structure and the
Lagrangian energy are given by
ηL = dz −
∂L
∂qi2
dqi1 −
(
∂L
∂qi1
− qj3
∂2L
∂q
j
2∂q
i
2
− qj2
∂2L
∂q
j
1∂q
i
2
− qj1
∂2L
∂q
j
0∂q
i
2
− L
∂2L
∂z∂qi2
+
∂L
∂z
∂L
∂qi2
)
dqi0 ;
EL = q
i
2
∂L
∂qi2
+ qi1
(
∂L
∂qi1
− qj3
∂2L
∂qj2∂q
i
2
− qj2
∂2L
∂qj1∂q
i
2
− qj1
∂2L
∂qj0∂q
i
2
− L
∂2L
∂z∂qi2
+
∂L
∂z
∂L
∂qi2
)
− L .
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Hence, the second-order contact Euler-Lagrange equations for a holonomic curve are
0 =
∂L
∂qi0
−DL
∂L
∂qi1
+DLDL
∂L
∂qi2
= qj4
∂2L
∂q
j
2∂q
i
2
+ qj3q
k
3
∂3L
∂qk2∂q
j
2∂q
i
2
+ qk3
(
−
∂2L
∂qk2∂q
i
1
+
∂2L
∂qk1∂q
i
2
+ 2qj2
∂3L
∂qk2∂q
j
1∂q
i
2
+ 2qj1
∂3L
∂qk2∂q
j
0∂q
i
2
+
∂L
∂qk2
∂2L
∂z∂qi2
+ 2L
∂3L
∂qk2∂z∂q
i
2
−
∂2L
∂qk2∂z
∂L
∂qi2
− 2
∂L
∂z
∂2L
∂qk2∂q
i
2
)
+ qk2
(
−
∂2L
∂qk1∂q
i
1
+ qj2
∂3L
∂qk1∂q
j
1∂q
i
2
+
∂2L
∂qk0∂q
i
2
+ 2qj1
∂3L
∂qk1∂q
j
0∂q
i
2
+
∂L
∂qk1
∂2L
∂z∂qi2
+ 2L
∂3L
∂qk1∂z∂q
i
2
−
∂2L
∂qk1∂z
∂L
∂qi2
− 2
∂L
∂z
∂2L
∂qk1∂q
i
2
)
+ qk1
(
−
∂2L
∂qk0∂q
i
1
+ qj1
∂3L
∂qk0∂q
j
0∂q
i
2
+
∂L
∂qk0
∂2L
∂z∂qi2
+ 2L
∂3L
∂qk0∂z∂q
i
2
−
∂2L
∂qk0∂z
∂L
∂qi2
− 2
∂L
∂z
∂2L
∂qk0∂q
i
2
)
+ L2
∂3L
∂z∂z∂qi2
− L
∂2L
∂z∂z
∂L
∂qi2
− L
∂L
∂z
∂2L
∂z∂qi2
−
∂L
∂z
∂L
∂z
∂L
∂qi2
− L
∂2L
∂z∂qi1
+
∂L
∂z
∂L
∂qi1
+
∂L
∂qi0
.
4.4 Higher-order Hamiltonian description
First, we consider the hyperregular case (the regular case is the same, but restricting on the
suitable subsets where Leg is a local diffeomorphism). In this case, the generalized Legendre
map Leg is a diffeomorphism between T2k−1Q× R and T∗(Tk−1Q)× R.
As it was pointed out at the beginning of section 2.2, the bundle T∗(Tk−1Q)×R is endowed
with a canonical contact structure which is constructed as follows: if ϑk−1 ∈ Ω
1(T∗(Tk−1Q))
and ̟k−1 = −dϑk−1 ∈ Ω
2(T∗(Tk−1Q)) are the canonical 1 and 2 forms of the cotangent bun-
dle T∗(Tk−1Q); we denote θk−1 := π
∗
1ϑk−1 ∈ Ω
1(T∗(Tk−1Q) × R) and ωk−1 := π
∗
1̟k−1 ∈
Ω2(T∗(Tk−1Q)× R); then the canonical contact form on T ∗(T k−1Q)× R is
ηk−1 = dz − θk−1 ∈ Ω
1(T∗(Tk−1Q)× R) ,
and (T∗(Tk−1Q) × R, ηk−1) is a (2kn + 1)-dimensional contact manifold with Reeb vector field
Rk−1 =
∂
∂z
∈ X(T∗(Tk−1Q)× R).
Taking into account the local expressions (22), (23), (24), and (26)we can write
θL =
k−1∑
α=0
p̂ αi dq
i
α , ωL =
k−1∑
α=0
dp̂ αi dq
i
α , ηL = dz −
k−1∑
α=0
p̂ αi dq
i
α , EL =
k−1∑
α=0
p̂ αi q
i
α+1 − L , (33)
and then it is obvious that
θL = Leg
∗θk−1 , ωL = Leg
∗ωk−1 , ηL = Leg
∗ηk−1 .
In addition, there exists (maybe locally) a unique function H ∈ C∞(T∗(Tk−1Q)× R) such that
Leg∗H = EL, which is called the Hamiltonian function associated to this system. In coordinates,
as EL =
k−1∑
α=0
p̂ αi q
i
α+1 − L, then
H =
k−1∑
α=0
pαi q
i
α+1 − (L ◦ Leg
−1) .
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Definition 12 The triad (T∗(Tk−1Q) × R, ηk−1,H) is the canonical contact Hamiltonian
system associated to the hyperregular Lagrangian system (T2k−1Q× R, L).
Now, as a consequence of the general theory of contact Hamiltonian sytems (see Section 2.2)
we have that:
Theorem 3 There exists a unique vector field XH ∈ X(T
∗(Tk−1Q)×R) such that
i(XH)dηk−1 = dH − (Rk−1(H))ηk−1 , i(XH)ηk−1 = −H . (34)
Then, the integral curves of XH , c : I ⊂ R //T
∗(Tk−1Q)×R, are the solutions to the equations
i(c′)dηk−1 = (dH − (Rk−1(H))ηk−1) ◦ c , i(c
′)ηk−1 = −H ◦ c , (35)
where c′ : I ⊂ R // T(T∗(Tk−1Q)× R) is the canonical lift of c to T(T∗(Tk−1Q)× R).
Definition 13 The vector field XH is the higher-order Hamiltonian vector field associated
with H and the equations (34) and (35) are the higher-order contact Hamiltonian equations
for this vector field and its integral curves, respectively.
In natural coordinates (qiα, p
α
i , z) of T
∗(Tk−1Q)× R, (0 ≤ α ≤ k − 1; 1 ≤ i ≤ n), taking
XH = f
i
α
∂
∂qiα
+ gαi
∂
∂pαi
+ g
∂
∂z
,
and using the coordinate expressions (33), from(34)we obtain that
f iα =
∂H
∂pαi
, gαi = −
(
∂H
∂qiα
+ pαi
∂H
∂z
)
, g = pαi
∂H
∂pαi
−H .
Then, if c : I ⊂ R //T∗(Tk−1Q)×R is an integral curve ofXH , its components (q
i
α(t), p
α
i (t), z(t))
are the solutions to the equations
dqiα
dt
=
∂H
∂pαi
,
dpαi
dt
= −
(
∂H
∂qiα
+ pαi
∂H
∂z
)
,
dz
dt
= pαi
∂H
∂pαi
−H . (36)
which are the local expression of equations (35)
Finally, using the relation ηL = Leg
∗ηk−1 and taking into account that Leg is a diffeomor-
phism, it is immediate to prove that
Leg∗XL = XH ,
which stablishes the equivalence between the higher-order Lagrangian and Hamiltonian for-
malisms.
For singular higher-order Lagrangian systems, in general there is no way to associate a canon-
ical Hamiltonian formalism, unless some minimal regularity condition are imposed [43]. In par-
ticular these conditions hold when the Lagrangian is almost-regular. In this case, we have the
submanifold j0 : P0 = Leg(T
2k−1Q×R) →֒ T∗(Tk−1Q)×R. We can define the form η0 := j
∗
0ηk−1
and the restriction of the extended Legendre map to this submanifold, Leg0 : T
2k−1Q×R //P0,
by Leg = j0 ◦ Leg0. Obviously we have that ηL = Leg
∗ηk−1 = Leg
∗
0η0. Furthermore, the
Lagrangian energy EL is a Leg0-projectable function, and then there exists a unique function
H0 ∈ C
∞(P0) such that Leg
∗
0H0 = EL [43]. Then:
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Definition 14 The triad (P0, η0,H0), where η0 = j
∗
0ηk−1, is the canonical precontact Hamil-
tonian system associated with the almost regular Lagrangian system (T2k−1Q,L).
For this system, if R0 ∈ X(P0) is a Reeb vector field, and for XH0 ∈ X(P0), we have the
contact Hamilton equations
i(XH0)dη0 = dH0 − (R0(H0))η0 , i(XH0)η0 = −H0 . (37)
If XH0 is a solution to these equations, then its integral curves, c : I ⊂ R
//P0, are the solutions
to the equations
i(c′)dη0 = (dH − (R0(H0))η0) ◦ c , i(c
′)η0 = −H0 ◦ c , (38)
where c′ : I ⊂ R // TP0 is the canonical lift of c to the tangent bundle TP0.
Remark 13 In general, these (pre)contact Hamiltonian equations are not compatible on P0 and
a constraint algorithm must be implemented in order to find a submanifold Pf →֒ P0 (when it
exists) where there are Hamiltonian vector fields XH0 ∈ X(P0), tangent to Pf , solutions to the
contact Hamiltonian equations on Pf . These vector fields solution are not unique, in general. As
in the Lagrangian formalism, the constraint algorithm and the final dynamics are independent
of the Reeb vector field selected in the precontact manifold (P0, η0) (see [25]).
It can be proved that Pf = Leg(Sf ), where Sf →֒ T
2k−1Q is the submanifold where there
are vector field solutions to the higher-order Lagrangian equation (29) which are tangent to Sf
(see the above section). Furthermore, as Leg0 is a submersion onto P0, for every vector field
XH0 ∈ X(P0) which is a solution to the Hamilton equation (37) on Pf , and tangent to Pf ,
there exists some holonomic vector field XL ∈ X(T
2k−1Q×R) which is a solution to the contact
Euler-Lagrange equation (29) on Sf , and tangent to Sf , such that Leg0∗XL = XH0 . This Leg0-
projectable holonomic vector field could be defined, in general, only on the points of another
submanifold Mf →֒ Sf . (See [43, 44] for a detailed exposition of all these topics in the case of
higher-order presymplectic systems).
5 Higher-order unified formalism
The standard Lagrangian and Hamiltonian formalisms of higher-order contact systems can be
recovered from a single unified geometric framework which is a simpler and elegant way to present
this theory. This formulation is an extension of the stated in [24] for first-order contact systems
and is inspired in the one presented in [54, 55].
5.1 Unified bundle: precontact canonical structure
Let (T2k−1Q× R, L) be a (pre)contact Lagrangian system (of order k).
Definition 15 We define the higher-order extended unified bundle (or higher-order ex-
tended Pontryagin bundle)
W = T2k−1Q×Q T
∗(Tk−1Q)× R ,
which is endowed with the natural submersions
̺1 : W // T
2k−1Q× R , ̺2 : W // T
∗(Tk−1Q)× R , ̺0 : W //Q× R , z : W // R .
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The natural coordinates in W are (qi0, . . . , q
i
2k−1, p
0
i , . . . , p
k−1
i , z).
Definition 16 A curve σ : R → W is holonomic in W if the path ̺1 ◦ σ : R // T
2k−1Q× R
is holonomic.
A vector field Γ ∈ X(W) is a semispray of order 1, or also a holonomic vector field in
W, if its integral curves are holonomic in W.
In coordinates, a holonomic curve in W is expressed as
σ =
(
qi0(t),
dqi0
dt
(t), . . . ,
dqi2k−1
dt
(t), p0i (t), . . . , p
k−1
i (t), z(t)
)
,
and a holonomic vector field in W is written as
Γ = qi1
∂
∂qi0
+ qi2
∂
∂qi1
+ . . .+ qi2k−1
∂
∂qi2k−2
+ f i2k−1
∂
∂qi2k−1
+ g01
∂
∂p0i
+ . . .+ gk−1i
∂
∂pk−1i
+ g
∂
∂z
. (39)
Definition 17 The bundle W is endowed with the following canonical structures:
1. The coupling function is the map C : W //R defined as follows: let w = (p, ξq, z) ∈ W,
where p ∈ T2k−1Q, q = ρ2k−1k−1 (p) is its projection to T
k−1Q, and ξq ∈ T
∗
q(T
k−1Q) is a
covector; then
C : T2k−1Q×Tk−1Q T
∗(Tk−1Q) −→ R
(p, ξq, z) 7−→ 〈ξq | jk(p)q〉
, (40)
where jk : T
2k−1Q //T(Tk−1Q) is the canonical injection introduced in Section 2.1, jk(p)q
is the corresponding tangent vector to Tk−1Q in q, and 〈ξq | jk(p)q〉 ≡ ξq(jk(p)q) denotes
the canonical pairing between vectors of Tq(T
k−1Q) and covectors of T∗q(T
k−1Q).
2. The canonical 1-form is the ̺0-semibasic form Θ := ̺
∗
2 θk−1 ∈ Ω
1(W).
The canonical 2-form is Ω := −dΘ = ̺∗2 ωk−1 ∈ Ω
2(W).
3. The canonical precontact 1-form is the ̺1-semibasic form ηW := ̺
∗
2ηk−1 = dz − Θ ∈
Ω1(W).
In natural coordinates of W we have that
η
W
= dz −
k−1∑
α=0
pαi dq
i
α , dηW =
k−1∑
α=0
dqiα ∧ dp
α
i = Ω , C =
k−1∑
α=0
pαi q
i
α+1 .
Definition 18 Given a Lagrangian function L ∈ C∞(TkQ × R), if L = ̺∗1L ∈ C
∞(W), we
define the Hamiltonian function as
H := C − L =
k−1∑
α=0
pαi q
i
α+1 − L(q
i
α, q
i
k, z) ∈ C
∞(W) .
Remark 14 As η
W
is a precontact form in W, then (W, η
W
) is a precontact manifold and
(W, η
W
,H) is a precontact Hamiltonian system. As a consequence, the Reeb vector fields are
not uniquely defined but, as we have pointed out above, the formalism is independent of the
choice of the Reeb vector field. In this case, as W = T2k−1Q ×Q T
∗(T2k−1Q) × R is a trivial
bundle over R, we can take the canonical lift to W of the canonical vector field
∂
∂z
of R as a
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5.2 Higher-order contact dynamical equations
Definition 19 The Lagrangian-Hamiltonian problem for the contact system (W, η
W
,H)
consists in finding a vector field XH ∈ X(W) which is a solution to the contact Hamiltonian
equations
i(XH)dηW = dH− (R(H))ηW , i(XH)ηW = −H , (41)
and then, the integral curves σ : I ⊂ R //W of XH are the solutions to the equations
i(σ′)dηW = (dH− (R(H))ηW ) ◦ σ , i(σ
′)η
W
= −H ◦ σ , (42)
where σ′ : I ⊂ R // TW is the canonical lift of σ to TW.
As (W, η
W
,H) is a precontact Hamiltonian system, these equations are not compatible in
W, and we have to implement the constraint algorithm in order to find the final constraint
submanifold of W where there are consistent solutions to the equations. So, in a natural chart
in W, the local expression of a vector field is
XH =
k−1∑
α=0
(
f iα
∂
∂qiα
+ f ik+α
∂
∂qik+α
+Gαi
∂
∂pαi
)
+ g
∂
∂z
∈ X(W) , (43)
and therefore we obtain that
i(XH)ηW = g −
k−1∑
α=0
f iαp
α
i , i(XH)dηW =
k−1∑
α=0
(f iα dp
α
i −G
α
i dq
i
α) .
Furthermore,
dH =
k−1∑
α=0
(
qiα+1 dp
α
i +
(
pαi −
∂L
∂qiα+1
)
dqiα+1
)
−
∂L
∂qi0
dqi0 −
∂L
∂z
dz ,
(R(H))η
W
= −
∂L
∂z
(
dz −
k−1∑
α=0
pαi dq
i
α
)
.
The second equation (41) gives
g = (f iα − q
i
α+1) p
α
i + L , (44)
and the first equation (41) leads to:
f iα = q
i
α+1 , (45)
pk−1i =
∂L
∂qik
, (46)
G0i =
∂L
∂qi0
+ p0i
∂L
∂z
, Gri = −p
r−1
i +
∂L
∂qir
+ pri
∂L
∂z
. (47)
where 0 ≤ α ≤ k − 1, 1 6 r 6 k − 1, and we have used the relation (27) in the second group of
equations (47). Therefore:
• The equations (45) are the conditions assuring that XH is a semispray of type k in W,
regardless the regularity of the Lagrangian function. This condition arises straightforwardly
from the unified formalism but, unlike what happens in order k = 1, the unified formalism
does not guarantee that XH is a holonomic vector field: it is holonomic up to order k only.
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• Using (45), the equation (44) leads to
g = L . (48)
• The algebraic equations (46) are compatibility conditions; that is, constraints defining
locally a submanifold W0 →֒ W where the vector fields XH solution to (41) are defined.
• The equations (47) allows us to determine all the component functions Gαi in (43).
The component functions f iα+k in (43) are still undetermined. Nevertheless, the variational
formulation demands the solution to the dynamical equations to be holonomic curves, which
implies these vector fields XH to be semisprays of type 1 in W. We can assure it by simply
choosing the arbitrary functions
f iα+k = q
i
α+k+1 , (0 ≤ α ≤ k − 2) . (49)
Thus, assuming holonomy, the vector fields solution to (41) are of the form
XH =
k−1∑
α=0
(
qiα+1
∂
∂qiα
+ qiα+k+1
∂
∂qiα+k
)
+ f i2k−1
∂
∂qi2k−1(
∂L
∂qi0
+ p0i
∂L
∂z
)
∂
∂p0i
+
k−1∑
r=1
(
−pr−1i +
∂L
∂qir
+ pri
∂L
∂z
)
∂
∂pri
+ L
∂
∂z
(on W0) . (50)
(In the appendix A an alternative to this assumption, which leads to an equivalent development
of the constraint algorithm, is discussed).
At this point, the constraint algorithm must continue by demanding that XH is tangent to
W0; that is, we have to impose that XH
(
pk−1i −
∂L
∂qik
)∣∣∣
W0
= 0, then giving the constraints:
pk−2i =
∂L
∂qik−1
+
∂L
∂qik
∂L
∂z
−
k−1∑
α=0
qjα+1
∂2L
∂q
j
α∂qik
− L
∂2L
∂z∂qik
≡
∂L
∂qik−1
−DL
( ∂L
∂qik
)
; (51)
where we the operator DL is given in (21), thus recovering it also from the constraint algorithm.
Now the algorithm continues by demanding the tangency condition on this new constraint sub-
manifold, and repeating the process iteratively k − 2 times, we get
pri =
∂L
∂qir+1
−DL(p
r+1
i ) , (0 ≤ r ≤ k − 3) . (52)
The constraints (46), (51), and (52) specify completely the generalized momenta as derivatives
of the Lagrangian L, and thus define completely the generalized Legendre map. Geometrically,
these relations say that the vector fields XH are defined only on a submanifold W1 →֒ W which
is the graph of the extended Legendre map.
W1 = {(p,FL(p)) ∈ W | p ∈ T
2k−1Q} = graph(Leg) .
Imposing once again the tangency condition on the constraints obtained in the last step of
the algorithm, XH
(
p0i −
∂L
∂qi1
+DL(p
1
i )
)∣∣∣
W1
= 0, we obtain the equations for the remaining
coefficients f i2k−1 in (50) which are
(−1)k
(
f
j
2k−1 −DL(q
j
2k−1)
) ∂2L
∂q
j
k∂q
i
k
+
k∑
α=0
(−1)αDαL
( ∂L
∂qiα
)
= 0 (on W1) . (53)
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Now, if σ(t) = (qi0(t), . . . , q
i
2k−1(t), p
0
i (t), . . . , p
k−1
i (t), z(t)) is an integral curve of XH, the
equations (45), (47), (48), (49), and (53) lead to the coordinate expression of the equations (42)
which is (on W1)
dqiα
dt
= qiα+1 , (0 6 α 6 2k − 2) ,
0 = (−1)k
(dqj2k−1
dt
−DL(q
j
2k−1)
) ∂2L
∂q
j
k∂q
i
k
+
k∑
α=0
(−1)αDαL
( ∂L
∂qiα
)
,
dp0i
dt
=
∂L
∂qi0
+ p0i
∂L
∂z
,
dpri
dt
= −pr−1i +
∂L
∂qir
+ pri
∂L
∂z
, (1 ≤ r ≤ k − 1) ,
dz
dt
= L .
(54)
Remark 15 If L is regular, the equations (53) are compatible and define a unique vector field
XH solution to (41) onW1, and the last system of equations give the dynamical trajectories. If L
is singular, the equations (53) can be compatible or not. Eventually, new constraints can appear
and, in the most favourable cases, there is a submanifold Wf →֒ W1 (it could beWf =W1) such
that there exist holonomic vector fields XH ∈ X(W) defined on W1 and tangent to Wf , which
are solutions to the equations (41) at support on Wf .
Remark 16 Summarizing, the unified formalism assures holonomy up to order k − 1 and gives
the higher-order momenta from the Lagrangian function. Then, assuming holonomy up to the
maximal order 2k − 1, the constraint algorithm gives completely the extended Legendre map,
the final dynamical equations, and also the derivative operator DL.
5.3 Recovering the Lagrangian and Hamiltonian formalisms
The Lagrangian and the Hamiltonian formalisms can be recovered from the unified formalism
using the natural projections and the extended Legendre map which has been obtained as a
consequence of the constraint algorithm. The procedure follows the same pattern as for the
unified formalism of first-order contact dynamical systems [24]. (An exhaustive analysis on the
equivalence among the Lagrangian, the Hamiltonian and the unified formalisms for higher-order
dynamical systems without dissipation is made in [54] and [55]).
Let P0 = Leg(T
2k−1Q × R), which is a submanifold of T∗(Tk−1Q) × R when L is an
almost-regular Lagrangian and P0 = T
∗(Tk−1Q)× R when L is hyperregular (or an open set of
T∗(Tk−1Q)× R if L is regular). If we denote by 1 : W1 →֒ W the natural embedding, we have
that
(̺1 ◦ 1)(W1) = T
2k−1Q× R , (̺2 ◦ 1)(W1) = P1 ⊆ T
∗(Tk−1Q)× R .
As W1 = graph(Leg), it is diffeomorphic to T
2k−1Q×R; that is, the restricted projection ρ1 ◦ 1
is a diffeomorphism. Analogously, in the almost-regular case, for every submanifold ι : Wι →֒ W
obtained from the constraint algorithm we have
(̺1 ◦ ι)(Wι) = Sι →֒ T
2k−1Q×R , (̺2 ◦ ι)(Wι) = Pι →֒ P0 →֒ T
∗(Tk−1Q)× R ,
and Leg(Sι) = Pι, since Wι ⊆ W1 = graph(Leg). In particular, for the final constraint submani-
fold, f : Wf →֒ W1, we have that (ρ1 ◦ f )(Wf ) = Sf →֒ T
2k−1Q×R and (ρ2 ◦ f )(Wf ) = Pf →֒
T∗(TQ) × R are the corresponding final constraint submanifolds of the Lagrangian and Hamil-
tonian constraint algorithms, respectivelly. The equivalence between the constraint algorithms
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in the unified and in the Lagrangian formalism only holds when the holonomy condition is also
imposed for the solutions in the Lagrangian case. So we have the diagram
W
̺1

̺2

W1
̺1◦1
uu❧❧❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧
̺2◦1
))❙❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙
?
1
OO
T2k−1Q× R
Leg //
Leg0
❨❨❨
❨❨❨
❨❨❨
❨❨❨
❨❨
,,❨❨❨❨❨
❨❨❨
❨❨❨
❨❨❨
❨❨❨
❨❨❨
T∗(Tk−1Q)× R
Wf
?
f
OO
uu❧❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧❧
❧
))❙❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
P0
?
j0
OO
Sf
?
OO
// Pf
?
OO
Functions and differential forms in W and vector fields in W tangent to W1 can be restricted
to W1. Then, they can be translated to the Lagrangian or the Hamiltonian side by using the
diffeomorphism ρ1 ◦ 1, or projecting to T
∗(Tk−1Q) × R. In particular, observe that Leg =
(̺2 ◦ 1) ◦ (̺1 ◦ 1)
−1, and
θL = Leg
∗θk−1 , ωL = Leg
∗ωk−1 , ηL = Leg
∗ηk−1 .
Therefore, the results and the discussion in the above section allows us to state:
Theorem 4 Every curve σ : I ⊆ R //W, taking values inW0, can be written as σ = (σL,σH),
where σL = ̺1 ◦σ : I ⊆ R //T
2k−1Q×R and σH = Leg ◦σL : I ⊆ R //P0 ⊆ T
∗(Tk−1Q)×R.
If σ : R //W, with Im (σ) ⊂ W1, is a curve fulfilling the equations (42) (at least on the
points of a submanifold Wf →֒ W1). Then σL is the prolongation to T
2k−1Q×R of the projected
curve c = ̺0 ◦ σ : R // Q × R (that is, σL is a holonomic curve), and it is a solution to the
equations (28). Moreover, the curve σH = Leg ◦σL is a solution to the equations (14) (on Wf ).
Conversely, if c : R //Q×R is a curve such that c¯k = σL is a solution to the equation (28)
(on Sf ), then the curve σ = (σL,Leg ◦ σL) is a solution to the equations (42). In addition,
Leg ◦ σL is a solution to the equation (14)) (on Pf ).
(If L is an almost-regular Lagrangian, then these results hold on the points of the submanifolds
Wf , Sf and Pf ).
In coordinates, σ(t) = (qi0(t), . . . , q
i
2k−1(t), p
0
i (t), . . . , p
k−1
i (t), z(t)) and therefore we have that
σL(t) = (q
i
0(t), . . . , q
i
2k−1(t), z(t)) and σH(t) = (q
i
0(t), . . . , q
i
k−1(t), p
0
i (t), . . . , p
k−1
i (t), z(t)). Then,
from the equations (54) and using the extended Legendre map, we obtain that the components
of σL(t) are the solutions to the system
dqiα
dt
= qiα+1 , (0 6 α 6 2k − 2) ,
0 = (−1)k
(dqj2k−1
dt
−DL(q
j
2k−1)
) ∂2L
∂q
j
k∂q
i
k
+
k∑
α=0
(−1)αDαL
( ∂L
∂qiα
)
,
dz
dt
= L .
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or, what is equivalent, to the higher-order Euler-Lagrange or Herglotz equations (30) and (31).
On its turn, for the components of σH(t), from (54) (and using again the extended Legendre
map when needed), we have
dp0i
dt
=
∂L
∂qi0
+ p0i
∂L
∂z
,
dpri
dt
= −pr−1i +
∂L
∂qir
+ pri
∂L
∂z
, (1 ≤ r ≤ k − 1) ,
dz
dt
= L .
which are the last group of Hamilton’s equations (36). The first group of Hamilton’s equations
(36) arises straightforwardly deriving the expression of the Hamiltonian function (with respect
to the momentum coordinates) and taking into account the holonomy conditions.
As the curves σ : R //W solution to the equation (42) are the integral curves of holonomic
vector fields XH ∈ X(W) solution to (41), and the curves σL : R //T
2k−1Q×R are the integral
curves of holonomic vector fields XL ∈ X(T
2k−1Q × R) solution to (28), then as an immediate
corollary of the above theorem we obtain:
Theorem 5 Let XH ∈ X(W) be a solution to the equations (41) (at least on the points of
a submanifold Wf →֒ W1) and tangent to W1 (resp. tangent to Wf ). Then the vector field
XL ∈ X(TQ×R), defined by XL ◦ ̺1 = T̺1 ◦XH, is is a holonomic vector field (tangent to Sf )
solution to the equations (29) (on Sf ), where EL ∈ C
∞(T2k−1Q× R) is such that H = ̺∗1EL.
Furthermore, every holonomic vector field solution to the equations (29) (on Sf ) can be
recovered in this way from a vector field XH ∈ X(W) (tangent to Wf ) solution to the equations
(41)(on Wf ).
The Hamiltonian formalism is recovered in a similar way, taking into account that, now, the
curves σH : R //T
∗Q×R are the integral curves of vector fields XH ∈ X(T
∗Q×R) solution to
(13). So, for the regular case we have:
Theorem 6 Let XH ∈ X(W) be a vector field, tangent to W1, which is solution to the equations
(41) (on W1). Then the vector field XH ∈ X(T
∗(Tk−1Q)× R), defined by XH ◦ ̺2 = T̺2 ◦XH,
is a solution to the equations (13), where H ∈ C∞(T∗(Tk−1Q)×R) is such that H = ̺∗1H. This
vector field satisfies that Leg∗XL = XH .
Remark 17 In the almost-regular case, the vector field XH ∈ X(W) is a solution to the equa-
tions (41), at least on the points of a submanifold Wf →֒ W1, and is tangent to Wf . Therefore,
there exists a vector field XH0 ∈ X(P0) which is a solution to the equations (13) in P0 (with
H ∈ C∞(P0) such that H = (Leg0 ◦ ̺1)
∗H), at least on the points of a submanifold Pf →֒ P0,
and is tangent to Pf . This vector field verifies that (jo∗XH0) ◦ ̺2 = T̺2 ◦ (jo∗XH0).
6 Examples
6.1 The damped Pais-Uhlenbeck oscillator
The Pais-Uhlenbeck oscillator is a typical example of a higher-order (regular) dynamical system,
and has been analyzed in detail in many publications (see, for instance, [51, 53]).
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The configuration space for this system is a 1-dimensional smooth manifold Q with local coor-
dinate (q0). Taking natural coordinates in the higher-order tangent bundles over Q, the second-
order Lagrangian function for this system is L0(q0, q1, q2) =
1
2
(q21 − ω
2q20 − λq
2
2) ∈ C
∞(T2Q);
where λ is a nonzero real constant, and ω is another real constant. It is a regular Lagrangian
function because its Hessian matrix with respect to q2 is
(
∂2L0
∂q2∂q2
)
= −λ, which has maximum
rank since λ 6= 0 (if λ = 0, then L0 becomes a first-order regular Lagrangian). The corresponding
4 th-order Euler Lagrange equation is
d4q0
dt4
= −
1
λ
(
ω2q0 +
d2q0
dt2
)
, (55)
We can introduce damping in this model by adding a standard dissipation term to the La-
grangian as follows
L = L0 − γz =
1
2
(
q21 − ω
2q20 − λq
2
2
)
− γz ∈ C∞(T2Q× R) ; γ ∈ R+ .
Next, we study it using the unified formalism. The unified phase space of the system is T3Q×TQ
T∗(TQ)× R and we have the following diagram
W = T3Q×TQ T
∗(TQ)× R
̺1
uu❥❥❥❥
❥❥
❥❥
❥❥
❥❥
❥❥
❥
̺2
**❯❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯
T3Q× R
ρ3
1
×Id
// TQ× R T∗(TQ)× R .
πTQ×Id
oo
As usual, we denote by L ∈ C∞(W) the pullback of L to W (which has the same coordinate
expression than L). If ϑ1 ∈ Ω
1(T∗(TQ)) is the canonical 1-form, we define the canonical pre-
contact structure
η
W
= dz − (π1 ◦ ̺2)
∗ϑ1 = dz − p
0 dq0 − p
1 dq1 ∈ Ω
1(W) ,
and the local expression of the Hamiltonian function H = C − ̺∗1L = C − L ∈ C
∞(W) is
H(q0, q1, q2, q3, p
0, p1, z) = p0q1 + p
1q2 −
1
2
(
q21 − ω
2q20 − λq
2
2
)
+ γz .
A generic vector field XH ∈ X(W) is locally given by
XH = f0
∂
∂q0
+ f1
∂
∂q1
+ F2
∂
∂q2
+ F3
∂
∂q3
+G0
∂
∂p0
+G1
∂
∂p1
+ g
∂
∂z
;
then, taking into account that
dH = ω2q0dq0 + (p
0 − q1)dq1 + (p
1 + λq2)dq2 + q1dp
0 + q2dp
1 + γdz ,
from the contact dynamical equations (41) we obtain
g = (f0 − q1)p
0 + (f1 − q2)p
1 + L , (56)
f0 = q1 , f1 = q2 , p
1 + λq2 = 0 , G
0 = −ω2q0 − γp
0 , G1 = q1 − p
0 − γp1 . (57)
The first two equations in (57) give us the condition of semispray of type 2 for the vector field
XH, and, going to (56), it implies that g = L. The third equation in (57) is a constraint defining
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the submanifoldW0 where XH exists. If we require XH to be a semispray of type 1, then F2 = q3
and the local expression of XH, on W0, is
XH = q1
∂
∂q0
+ q2
∂
∂q1
+ q3
∂
∂q2
+ F3
∂
∂q3
− (ω2q0 + γp
0)
∂
∂p0
+
(
q1 − p
0 − γp1
) ∂
∂p1
+ L
∂
∂z
.
The tangency condition for XH on W0 gives the new constraint
0 = L(XH)ξ0 ≡ XH(p
1 + λq2) = q1 − p
0 − γp1 + λq3 ≡ ξ1 (on W0) ,
which defines the submanifoldW1 = {p ∈ W | ξ0(p) = ξ1(p) = 0}, that we identify with the graph
of the extended Legendre map Leg : T3Q× R // T∗(TQ)× R which is given as
Leg∗p1 =
∂L
∂q2
= −λq2 , Leg
∗p0 =
∂L
∂q1
−DL
(
∂L
∂q2
)
≡
∂L
∂q1
−DL
(
p1
)
= q1 + λq3 − γp
1 ,
and the identity on the other coordinates (q0, q1, z). As λ 6= 0, we see that L is a regular
Lagrangian since Leg is a (local) diffeomorphism. Observe that
DL(F ) = q1
∂F
∂q0
+ q2
∂F
∂q1
+ q3
∂F
∂q2
+ L
∂F
∂z
+ γF .
Next we compute the tangency condition for XH on W1 which leads to
0 = L(XH)ξ1 = XH(q1 − p
0 − γp1 + λq3) = λF3 + q2 + ω
2q0 + 2γp
0 − γ
(
q1 − γp
1
)
(on W1) ,
and this equation allows us to determine F3 univocally. Thus, there is a unique vector field XH
solution to the equations (41), which is tangent to W1, and is given locally by
XH = q1
∂
∂q0
+ q2
∂
∂q1
+ q3
∂
∂q2
+
1
λ
(
−ω2q0 + γq1 − q2 − 2γp
0 − γ2p1
) ∂
∂q3
−(ω2q0 + γp
0)
∂
∂p0
+
(
q1 − p
0 − γp1
) ∂
∂p1
+ L
∂
∂z
.
Now, if σ : R //W, with σ(t) = (q0(t), q1(t), q2(t), q3(t), p
0(t), p1(t), z(t)), is an integral curve
of XH, its component functions are solutions to the system differential equations
q˙0(t) = q1(t) , q˙1(t) = q2(t) , (58)
q˙2(t) = q3(t) , q˙3(t) =
1
λ
(
γq1(t)− ω
2q0(t)− q2(t)− 2γp
0(t)− γ2p1(t)
)
, (59)
p˙0(t) = −
(
ω2q0(t) + γp
0(t)
)
, p˙1(t) = q1(t)− p
0(t)− γp1(t) , (60)
z˙ =
1
2
(
q1(t)
2 − ω2q0(t)
2 − λq2(t)
2
)
− γz(t) . (61)
The final diagram is
W
̺1

̺2

W1 = graph(Leg)
?
1
OO
ww♦♦♦
♦♦
♦♦
♦♦
♦♦
♦
((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗
T3Q
Leg // T∗(TQ) .
M. de León et al , Higher-order contact mechanics. 31
Finally, from the unified formalism, we can recover the Lagrangian and Hamiltonian solu-
tions for this system using the natural projections and the constraints defining W1; that is, the
extended Legendre map.
For the Lagrangian formalism, as we have shown in Theorem 5, the Euler-Lagrange vector
field solution to (29) is the unique semispray of type 1, XL ∈ X(T
3Q), such that XL ◦ ̺1 =
T̺1 ◦XH, and it is locally given by
XL = q1
∂
∂q0
+ q2
∂
∂q1
+ q3
∂
∂q2
−
1
λ
(
ω2q0 + γq1 + (1 + λγ
2)q2 + 2γλq3
) ∂
∂q3
+ L
∂
∂z
.
For the integral curves of XL we have that, if σ(t) = (q0(t), q1(t), q2(t), q3(t), p
0(t), p1(t), z(t))
is an integral curve of XH, then, from Theorem 4, σL = ̺1 ◦ σ is an integral curve of XL and
its components σ(t) = (q0(t), q1(t), q2(t), q3(t), z(t)) are solutions to the equations (58) and (59)
which read as
q˙0(t) = q1(t) , q˙1(t) = q2(t) ,
q˙2(t) = q3(t) , q˙3(t) = −
1
λ
(
ω2q0(t) + γq1(t) + (1 + λγ
2)q2(t) + 2γλq3(t)
)
,
z˙ =
1
2
(
q1(t)
2 − ω2q0(t)
2 − λq2(t)
2
)
− γz(t) .
and combining the first four equations we arrive to
d4q0
dt4
= −
1
λ
(
ω2q0(t) + γ
dq0
dt
+ (1 + λγ2)
d2q0
dt2
+ 2γλ
d3q0
dt3
)
,
which is the Euler-Lagrange equation for the damped Pais-Uhlenbeck oscillator. Observe that,
if γ = 0, we recover the dynamical equation for the usual Pais-Uhlenbeck oscillator (55).
For the Hamiltonian formalism, as L is a regular Lagrangian, Theorem 6 states that there
exists a unique vector field XH = Leg∗XL ∈ X(T
∗(TQ)) which is solution to (34), and, hence,
it is locally given by
XH = q1
∂
∂q0
−
p1(t)
λ
∂
∂q1
− (ω2q0 + γp
0)
∂
∂p0
+
(
q1 − p
0 − γp1
) ∂
∂p1
+
(
1
2
(
q21 − ω
2q20 −
(p1)2
λ
)
− γz
)
∂
∂z
.
For its integral curves, Theorem 4 states that if σL : R //T
3Q is an integral curve of XL related
with an integral curve σ of XH, then σH = Leg ◦ σL is an integral curve of Xh. Therefore, if
σH(t) = (q0(t), q1(t), p
0(t), p1(t), z(t)), its components are solutions to the equations (58), (60),
and (61) (with q2(t) = −
p1(t)
λ
), which are the standard Hamilton equations for this system.
6.2 Integrating factors: the radiating electron
A common technique to model a differential equation in a symplectic setting consists in using
an integrating factor [58]. This is a non-vanishing function (or positive-definite matrix) which
appears multiplying the ODE in the final Euler-Lagrange equations. When a Lagrangian does
not require an integrating factor it is called a universal Lagrangian [17].
We will focus in the case of Lagrangians with the form Lˆ = exp(−γt)l(qi0, q
i
1, . . . , q
i
k). In
this case the Euler-Lagrange equations are proportional to exp(−γt). This is a usual integrating
factor when modelling systems with dissipation. It turns out that the ODE described by these
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Lagrangians can be obtained in the contact setting by the Lagrangian L = l(qi0, q
i
1, . . . , q
i
k)− γz.
Indeed, the higher-order Euler–Lagrange equations for the symplectic case (10) are
k∑
α=0
(−1)αdαT
( ∂Lˆ
∂qiα
)
= 0 ,
which have the same structure as the higher-order contact Euler–Lagrange (30), but changing
the operator dT by DL. For the symplectic case, we have:
dT (exp(−γt)f(q
i
0, q
i
1, . . . , q
i
k)) = exp(−γt)
(
k∑
α=0
q
j
α+1
∂f
∂q
j
α
− γf
)
;
meanwhile, for the contact case,
DLf(q
i
0, q
i
1, . . . , q
i
k) =
k∑
α=0
q
j
α+1
∂f
∂q
j
α
− γf .
Therefore
k∑
α=0
(−1)αdT
( ∂Lˆ
∂qiα
)
= exp(−γt)
k∑
α=0
(−1)αDαL
( ∂L
∂qiα
)
.
Although both formalisms lead to the same dynamical system, they have different geometric
structures. The contact approach directly produces the equations, thus L is a sort of universal
Lagrangian for the contact setting. Both uses an auxiliary variable to include dissipation. In
the symplectic case, the time is used, leading to a non-autonomous system and cosymplectic
geometry. On the contact case, the auxilliary variable is z. Cosymplectic structures are the
natural description for non-autonomous systems [31], while contact geometry describe action-
dependent Lagrangians, in particular some cases of dissipation. For these reasons, we argue that
contact geometry is more adequate for this kind of systems.
As an example, consider the motion of an electron in a potential V (qi0), using a non-relativistic
setting but taking into account electrodynamic reaction forces. It can be modelled by [11, 65]
m
τ2
16
qi4 −m
τ
2
qi3 +mq
i
2 = −
∂V
∂qi0
; i = 1, 2, 3 ,
where τ is a non-vanishing real constant. This equation can be obtained with the symplectic
formalism from the Lagrangian [11]
L′ = − exp(−
4
τ
t)
(
m
τ2
32
3∑
i=1
(qi2)
2 + V
)
,
which uses a non-autonomous integrating factor. It can also be obtained using the higher-order
contact formalism presented here from the following second-order regular Lagrangian
L = m
τ2
32
3∑
i=1
(qi2)
2 + V +
4
τ
z .
6.3 Singular case: γaz term
The standard dissipation term added in a mechanical Lagrangian is γz, and it is the one used
in the previous examples. In [36] a term proportional to velocity times z is used to obtain a
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dissipation quadratic in velocities. Here we consider a term proportional to the acceleration
times z.
The configuration space for this system is a 1-dimensional smooth manifold Q with local
coordinate (q0). Taking natural coordinates in the higher-order tangent bundles over Q, we
consider the Lagrangian L(q0, q1, q2) =
1
2
mq21 − V (q0) − γq2z ∈ C
∞(T2Q × R); where m is a
positive real constant and γ is a real constant with units of time over distance. This is a singular
second-order Lagrangian. The corresponding contact Euler-Lagrange equation is
mq2
(
1
2
γ2q21 + 2γq1 −
γ2
m
V + 1
)
+ (1− γq1)
∂V
∂q0
= 0 , (62)
which is a second-order ODE, although we expect it to be 4th-order. This is due to the degeneracy
of the Lagrangian with respect to accelerations (see [37] for an study on order reduction in higher-
order symplectic mechanics). Now, we apply the unified formalism for this Lagrangian, showing
how to compute it for singular Lagrangians.
The unified formalism takes place on the manifolW = T 3Q×TQT
∗(TQ)×R, with natural co-
ordinates (q0, q1, q2, q3, p
0, p1, z). It is the same space as the one from the damped Pais-Uhlenbeck
oscillator example, and the reader can look there the geometrical details. Over this manifold,
we consider the precontact structure given by η = dz − p0dq1 − p
1dq2, and pick as Reeb vector
field R =
∂
∂z
. The pullback of L to W will be denoted L, and has the same local expression.
The corresponding Hamiltonian is
H = p0q1 + p
1q2 −
1
2
mq21 + V (q0) + γq2z ∈ C
∞(W) .
A generic vector field XH ∈ X(W) is locally given by
XH = f0
∂
∂q0
+ f1
∂
∂q1
+ F2
∂
∂q2
+ F3
∂
∂q3
+G0
∂
∂p0
+G1
∂
∂p1
+ g
∂
∂z
.
With these elements, the contact dynamical equations (41) become
f0 = q1 , f1 = q2 , g = (f0 − q1)p
0 + (f1 − q2)p
1 + L , (63)
p1 + γz = 0 , G0 = −V ′ − γq2p
0 , G1 = mq1 − p
0 − γq2p
1 . (64)
In (63) we partially recover the holonomy of XH, and derive that g = L, as expected. The first
equation in (64) is a constraint that define the momentum p1. The tangency condition on this
constraint leads to the second constraint
−γL = mq1 − p
0 − γq2p
1 ⇐⇒ p0 =
γ
2
mq21 − γV +mq1 ;
which determines the momentum p0. The tangency condition on it,
L(XH)
(
p0 −
γ
2
mq21 − γV +mq1
)
= 0 ,
results in the Euler-Lagrange equations (62).
With the unified algorithm we recover the Legendre transformation from the constraint algo-
rithm. The Euler-Lagrange equation is derived, but they appear as a constraint on the manifold,
not all the holonomy is recovered, and F2 and F3 are not determined. This is due to the pro-
jectability of the Lagrangian to a lower-order tangent bundle. If we impose the whole holonomy,
F2 = q3, the tangency condition allows us to determine F3,
F3 =
−mγ2q1q
2
2 − 2mγq
2
2 + γ
2q1q2
∂V
∂q0
+ γq2
∂V
∂q0
− (q1 − γq
2
1)
∂2V
∂q2
0
1
2mγ
2q21 + 2mγq1 − γ
2V +m
.
M. de León et al , Higher-order contact mechanics. 34
7 Conclusion and outlook
The standard Lagrangian formalism for systems described by contact Lagrangian functions of
order k takes place in the extended higher-order tangent bundle T2k−1Q×R. First, we have stated
the corresponding variational formulation, which is a generalization of Herglotz’s variational
principle for first-order contact Lagrangians, and we obtain the dynamical equations for these
kinds of systems. Then, in order to construct the geometric setting for this theory, we need to use
the canonical geometric structures of higher-order tangent bundles and the basic ideas of contact
mechanics. As a previous relevant step, the concept of total derivative in TkQ, introduced by
Tulkcyjew, had to be generalized in T2k−1Q×R. It is noticed that this extension (which is defined
using certain kinds of holonomic vector fields in T2k−1Q× R) is not canonical because depends
on the Lagrangian function L. With this operator, we can define a contact (or precontact)
structure in T2k−1Q× R, the contact Lagrangian form (which depends on L), and allows us to
state the geometric dynamical contact equations of the system. Their solutions must be vector
fields which are required to be semisprays of type 1 in that bundle and whose integral curves
are holonomic paths which are solutions to the higher-order contact Euler-Lagrange (Herglotz)
equations obtained from the higher-order Herglotz variational principle. The requirement that
vector fields solution must be holonomic (semisprays of type 1) is a condition for the dynamical
equations to be variational. The contact Lagrangian form is also used to define the Legendre
map Leg : T2k−1Q × R −→ T∗(Tk−1Q) × R and then to establish the canonical Hamiltonian
formalism for these higher-order contact Lagrangian systems. This formalism is just a standard
contact Hamiltonian formalism adapted to the cotangent bundle T∗(Tk−1Q).
A simpler and elegant equivalent formulation of the theory is based in using an extension
of the unified Lagrangian–Hamiltonian formalism of Skinner and Rusk. In this framework,
neither the structures of higher-order tangent bundles, nor the extension of the Tulczyjew total
derivative are needed, in principle. In fact, the natural coupling between elements of the bundles
T(Tk−1Q)×R and T∗(Tk−1Q)×R and the Lagrangian can be used to construct a Hamiltonian
function which, together with the natural contact form that T∗(Tk−1Q) × R is endowed with,
allows us to define a precontact Hamiltonian system in the unified bundle W = T2k−1Q ×Q
T∗(Tk−1Q) × R. Being this system singular, the constraint algorithm must be implemented to
solve the dynamical equations. Then, if we look for holonomic solutions, the algorithm leads
to obtain the complete Legendre map (the momentum coordinates are obtained as constraints),
the extension of the total derivative and both the Euler–Lagrange (Herglotz) and the Hamilton
equations, thus recovering the standard Lagrangian and Hamiltonian formalisms. It is interesting
to point out that, alternativelly, we can seek for general solutions (non necessarily holonomic
vector fields); then the constraint algorithm fixes only partially the holonomy (up to order k) and
the Legendre map (giving only the higher-order momenta), and the extended total derivative is
then needed to complete the Legendre map, but the rest of the holonomy conditions are then
given by the constraint algorithm (see the appendix A).
As a first interesting example we have studied a regular system which comes from extending
the Lagrangian of the Pais–Uhlenbeck oscillator wich introduces damping in the model. The
resulting final (4 th-order) dynamical equation incorporates additional terms which are respon-
sible for dissipation and that are proportional, not only to velocity (as it is usual in first-order
systems with damping) but also to acceleration and its time-derivative (which sometimes is called
“jerk” or ‘jolt”). The second example is a modelling of a radiating electron using a second-order
Lagrangian which avoids to introduce the usual “exponential factor” in the standard first-order
Lagrangian for the system. A final academic example is a system described by a second order
singular Lagrangian with a dissipation term of the type γaz which illustrates the behaviour of
higher-order singular systems.
The results of this paper open many possibilities for future work. One of the subjects to be
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investigated are the symmetries of contact higher-order mechanics; indeed, the usual symplectic
case has been offered a lot of interesting results by extending Noether’s theorem [23, 42]. The
main difference now is that in the contact setting, symmetries of the system produce dissipated
quantities [25, 26, 36]. In addition, the study of the momentum map is also relevant for a better
understanding of these systems.
Moreover, we can study the extension to higher-order non-autonomous systems, where we
have an explicit dependence on time; so, we would need to extend the notion of contact geometry
to obtain a proper geometric setting.
Another line of research is the study of the discrete version of the theory. This has a particular
interest since it would provide a method to develop geometric integrators.
Of course, the extension to vakonomic systems and the applications to optimal control theory
are also part of our plan of research. Let us recall that some of us have recently obtained a
Pontryaguin Maximum Principle for contact optimal control theories [27].
Finally, we want to explore the possibility to apply all the results in this paper and the new
ones that we could obtain to thermodynamical systems.
A Alternative development of the constraint algorithm in the
unified formalism
As we have seen in Section 5.2, in the unified Lagrangian-Hamiltonian formalism the use of
the constraint algorithm plays a crucial role. In that Section, after obtaining the compatibility
conditions (46) that define the submanifoldW0 where XH exist and are semisprays of type k, the
holonomy condition for the vector fields was imposed before analysing the tangency condition.
Nevertheless, there is an alternative way to proceed which consists in, instead to impose the
holonomy of XH, to complete the generalized Legendre map using the recursive relations (27) as
new constraints to define the submanifold W1 = graph(Leg) →֒ W. In this way, the definition of
the extended Legendre map is a consequence of the constraint algorithm and the relations (27).
Then, the vector fields solution to (41) are of the form
XH =
k−1∑
α=0
(
qiα+1
∂
∂qiα
+ f iα+k
∂
∂qiα+k
)
+
(
∂L
∂qi0
+ p0i
∂L
∂z
)
∂
∂p0i
+
k−1∑
r=1
(
−pr−1i +
∂L
∂qir
+ pri
∂L
∂z
)
∂
∂pri
+ L
∂
∂z
, (on W1) ,
where the functions f iα+k are still undetermined. The constraint algorithm continues by demand-
ing that XH is tangent toW1; that is, we have to impose that XH(ξ)|W1 = 0, for every constraint
M. de León et al , Higher-order contact mechanics. 36
function ξ defining W1. Thus we obtain the following kn equations (on W1)
0 =
(
f jk − q
j
k+1
) ∂2L
∂q
j
k∂q
i
k
,
0 =
(
f
j
k+1 − q
j
k+2
) ∂2L
∂q
j
k∂q
i
k
−
(
f
j
k − q
j
k+1
)
DL
( ∂2L
∂q
j
k∂q
i
k
)
,
... (65)
0 =
(
f
j
2k−2 − q
j
2k−1
) ∂2L
∂q
j
k∂q
i
k
−
k−3∑
α=0
(
f
j
k+α − q
j
k+α+1
)
(· · · · · · ) ,
0 = (−1)k
(
f
j
2k−1 −DL(q
j
2k−1)
) ∂2L
∂qjk∂q
i
k
+
k∑
α=0
(−1)αDαL
( ∂L
∂qiα
)
−
k−2∑
α=0
(
f
j
k+α − q
j
k+α+1
)
(· · · · · · ) ,
where the terms in brackets (· · · · · · ) contain relations involving partial derivatives of the La-
grangian and applications of DL. The compatibility of these equations depends on the regularity
of the Lagrangian function. In particular:
Proposition 2 If L ∈ C∞(TkQ×R) is a regular Lagrangian function, then there exists a unique
vector field XH ∈ X(W) on W1, which is a solution to the equation (41), it is tangent to W1,
and it is a semispray of type 1 in W.
(Proof ) The regularity of the Hessian matrix
(
∂2L
∂q
j
k∂q
i
k
)
at every point allows us to determine
all the functions f iα uniquely as the solution to the system of equations (65), which leads to (51)
and (52). Therefore, the tangency condition holds for XH on W1. Furthermore, the equalities
(51) show that XH is a holonomic vector field in W (see the local expression (39)).
Remark 18 If L is singular, the system of kn equations (65) can be compatible or not. Even-
tually, new constraints can appear and, in the most favourable cases, there is a submanifold
Wf →֒ W1 (it could be Wf = W1) such that there exist vector fields XH ∈ X(W) on W1 and
tangent to Wf , which are solutions to the equations (41) on Wf . These vector fields are semis-
prays of order k but not necessarily holonomic in W and, in order to obtain holonomic vector
fields solution, the equalities (51) must be impossed “ad hoc”. Therefore, the tangency condition
could originate new constraints which define another submanifold Sf →֒ Wf where there are
holonomic vector fields ΓH ∈ X(W), defined on Sf and tangent to Sf , which are solutions to the
equations (41) on Sf .
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